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PREFACE 
The studies of rectangular cross-sections reported in 
Chapters I-IX were carried out by MroKhan as a Pho Do Thesis 
project in his capacity as a full-time graduate student in the Civil 
Engineering Department of the University of Illinois 0 Chapters I-IX 
of this report and the related figures are identical with his thesiso 
The studies of the generalized unsymmetrical section and of 
symmetrical I-beams were made by Mro Khan "during the Summer of 1955 
while he was employed as a Research Assistant in Civil Engineering on 
the staff of this project. They are included in Chapters X-XII as a 
supplement to the original thesiso 
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Io - INTRODUCTION 
1. Introductory Remarks 
With the advent of prestressed concrete 9 engineers have bad 
a tendency to be individualistically rational in the design of 
prestressed concrete structures 0 While design procedures for ordinary 
reinforced concrete have generally evolved from the results of tests, 
the design of prestressed concrete bas been based primarily on rational 
theories. An immediate ef£ect of this rational approach has been a 
tendency among designers to design each prestressed concrete structure 
on the basis of several different sets of loading conditions and allow-
able stresses or strengths p at various stages from initial prestressing 
to failureo 
From the point of view of the deSign officep the present 
trend in design for multiple criteria has required considerably more 
intuition and skill -on the part of the designer than bas been 
required in the design of ordinary reinforced concreteo Since a design 
which is based on one criterion cannot be assumed to satisfy the other 
criteria, the designer either must have recourse to elaborate formulas 
relating the various criteria or must proceed to a deSirable solution 
by a process of trial and erroro 
20 Object and Scope 
It is evident from the foregoing discussions that there is 
need to establish practical relationships among the significant 
variables in the design of prestressed concrete beamse The ultimate 
aim in design is to select a section and determine the amount of 
2 
prestressing steelo This selection, however, according to various 
specifications, mu.st not only satisfy the allowable stresses at 
various stages of loading but must also provide the specified factors 
of' safety against first cracking and against failure 0 In add! tion" 
the designer usually attempts to satisfy these conditions with a 
section requiring the least area of concrete and steelo A design 
on the basis of the above considerations can be made simply and 
directly only if the interrelations among the several variables can 
be established .. 
It has been the object of this study to discover and 
express the interrelationships among the various design conditions 
currently considered 0 Special attention bas been paid to the rela-
tionship between the allowable stresses and factors of safetYD 
The results of these studies are expected to have appli-
cation to the problem of' design since they should provide the designer 
with a better understanding~ both qualitative and quantitative~ of the 
interrelationships of the several criteria which must be satisfied 0 
It is also expected that an und.ersta.:nding of these relationships may 
lead eventually to a simplification of the specifications themselves 
through the elimination of those criteria or loading stages which may 
be found never to control the designo 
Since the number of variables that may be encountered in 
the design of prestressed concrete members is exceptionally large, it 
has been necessary to limit this study to the single case of rectangular 
beams failing in flexureo These limitations are discussed further in 
the following para.graphs 0 
3 
(a) Shape 
The studies made in this thesis have been restricted to 
members of rectangular cross-sectionso This constitutes a definite 
limitation in scope since the great majority of prestressed concrete 
be~ are of I- or T-shaped cross-section~ and in most cases are 
unsymmetrical in shapeo However, the complexity of the problem 
required that the initial studies be restricted to the s~ler case 
of rectangular sections for which a large number of variables could 
be studied over a wide range of valueso It is believed, moreover, 
that the general relations established for rectangular sections can be 
extended as a basic method of a.pproach to the study of other more 
common and more complex shapes 0 Certainly, the solution of the more 
difficult problem presented by unsymmetrical sections will be facili-
tated by the extensive studies of simple shapes presented herein. 
(b) Mode of' Fa.ilure 
Only beams failing in flexure are considered in this study 0 
The strength of prestressed concrete beams, or even of ordinary 
reinforced concrete beams, in shear is far from being fully understood, 
and as such there is hardly any pra.ctical basis :for a purely analytical 
study of shear strength. Under these circumstances, it bas been 
considered best to keep the shear phenomenon out of the picture and 
develop this study only for beams failing in flexureo 
Flexural failure in concrete beams in general may occur by 
initial yielding of the steel, by initial crushing of concrete, or by 
sudden fracture of the steelo However, since the flexural strength is 
4 
most accurately predicted when the beam fails by initial yielding of 
steel, and since this mode of failure is most desired in any practical 
structure, this study has been confined to beams that fail in this 
manner~ In other 'Words, all of the beams considered are assumed to be 
under-reinforced 0 From a study of a large number of typical beams, the 
above assumption seems to be justifiede It is further assumed in 
computing ultimate flexural strengths that the reinforcement is 
bonded 0 Of course, it should be pointed out that any assumption regard-
ing the mode of failure is necessary only to be consistent in develop-
ing the expressions for factors of safety against ultimate moment, and 
therefore, is irrelevant for the rest of the study 0 
3. Outline of Thesis 
In the design of a prestressed concrete beam, it has been 
assumed that two basic stages of loading exist" The first stage is at 
the transfer of prestress when the beam is subjected only to the dead 
load and there is no appreciable loss in the initial prestressQ The 
other stage exists when the beam is subjected to full live load~ in 
addition to dead load after all losses in prestress have taken placeo 
For each of these two stages» two allowable stresses for concrete are 
conSidered, corresponding to the top and the bottom fibers of the beamo 
Consequently, a total of four stress conditions are required to be 
satisfied 0 It can be shown that» except for a special case p only three 
of the four allowable stress conditions can be exactly satisfied» the 
fourth being on the safe sideo 
Since there are a total of four stress conditions, there 
can only be four combinations of three conditions that can be satisfied 
5 
exactly. On the basis- of these condi tiona, four general design criteria 
have been developed in Chapter IIo For each criterion~ design expressions 
have been derived in terms of dead load and live load moments~ allowable 
tensile and compressive stresses in concrete at different stages of load-
ing, initial steel stress, loss factor for prestress and gross percentage 
of steel" All the design expressions are in terms of dimensionless 
quantities. 
In Chapter III, expressions have been derived for factors of 
safety against cracking and ultimate for each design criterion of 
Chapter IIo The factors of safety for any criterion are expressed in 
terms of the ratio of the dead load to live load moments, the allowable 
stresses and the steel stresseso 
In Chapter IV1 the four design criteria developed in 
Chapter II are compared on the basis of required concrete and steel areas" 
General design curves are drawn for a range of the ratio of the dead load 
to live load moments from 0025 to 2~O, assuming the loss facior equal 
to 00850 
In Chapter V, certain additional conditions that might be 
encountered in design are studied. The most important condition arises 
when the final stresses due to dead load alone control the designo This 
condition is fully investigated for two criteria 0 Also in this chapter 
a study is made of the errors involved in comput.ing nominal stresses on 
the basis of gross concrete section 0 A third study in this chapter 
relates to the effect of the amount of total loss in steel stress on 
the different variableso 
A comprehensive study of the variation of factor of safety 
with the ratio of dead load to live load moments for a particular 
6 
cri. terion has been made· in Chapter VIo 
In Chapter VII a cri tical study of few current specifications 
have been made in the light of the conclusions arrived at in the previ-
ous chapters 0 
It should be pointed out that the ranges of variables 
considered in the course of this study have been chosen only to obtain 
probable numerical valueso The general expressions that have been 
derived, most of which are dimensionless~ are by no means limited to 
the assumed ranges 0 
4.. Notation 
The following notation is used throughout the study: 
Cross-Sectional Constants 
Ac = bh = total concrete area 
As = total steel area used for prestressing 
c.g.c = center of gravity of the entire cross section 
cogos = center of gravity of steel area 
h = total depth of section 
d = effectiv~ depth i.eo depth of coges from the top fiber 
top fiber 
k d = depth of neutral axis at ultimate load 
u 
b = width of section 
e = eccentricity of cog.sfrom Cugoc 
e/h = eccentricity ratio; range 0 to 004 
Ic = moment of inertia about neutral axis 
Z = bh2/6 = sect~on modulus for rectangular section 
Pg = As/gh = gross percentage of steel 
Loads 
p = A /bd = effective percentage of steel 
s 
= coefficients for the stress block at ultimate load as 
developed in Billet's thesis (Refe 1) 
M.o = dead. load moment 
live load moment, including impact.., etco 
= total 'Working moment 
a load ratio 
M = bending moment at first cracking 
cr 
M = bending moment at failure of the beam 
u 
NTC = Mc/M.r = total factor of ~afety against cracking 
= (Mcr-~)/ML = live load factor of safety against 
cra.cking 
NTU = Mu/~ = total factor of safety against ultimate 
NLU = (Mu - ~)/~ = live load factor of safety against 
ultimate 
Stresses 
f' = 
c 
strength of concrete in compression; range 3000 psi 
to 7000 psi 
A. f' i c 
a fl 
i c 
A. ft 
w c 
a ft 
w c 
= allowable compressive stress in concrete at transfer 
of prestress; range of~. : 003 to 0.5 
~ 
= allowable tensile stress in concrete at transfer of 
prestress; range o~ ai ~ 0 to 001 
= allowable compressive stress in concrete at working 
loads; range of A. : 003 to 006 
w 
= allowable tensile stress in concrete at working loads; 
range of a : -0005 to +0 .. 05 
w 
7 
E = modulus of elasticity Of concrete 
c 
f' = strength of steel 
s 
8 
f = f. = stress in reinforcement at transfer of prestress 
s s~ 
k = f /f r a convenient factor s s..9 
f' 
se 
f' 
su 
= stress in steel reinforcement after all losses have 
taken place 
= fse/fs = loss factor; wherever not specifically 
mentioned, assumed to be 0.85 
= stress in steel at ultimate moment; wherever not 
specifically mentioned~ assumed to be 009 f'f 
S 
P. = A f = P f bh = total prestreSSing force at transfer 
~ ssg s 
of prestre~s 
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IIo GENERAL EXPRESSIONS 
6. Introduction 
Before deriving expressions for use in design, it will be 
easier for the reader if the general philosophy behind these deriva-
tions are discussed. From the early application of prestressed 
concrete, design expressions have been derived from the simple laws of 
mechanics applied to the stresses in a beamo For design purposes the 
stress distribution has always been assumed as linear and the prestress-
ing force has been assumed as an eccentric external forceo For a 
given set of loads and materials$ an experienced engineer knows how to 
make the best possible designs from the point of V'iew of satisfying a 
set of allowable stresses. Assuming that he is not bound by other 
limitations, he finds the best section by trial and erroro Wlllle ari 
experienced designer quite often designs an economic section, there 
are many cases when the design stresses in concrete fall far below 
the allowable stresseso In the absence of some particular limitations, 
it is obvious that the design which satisfies the greatest number of 
the allowable stresses is undoubtedly the section with the least 
concrete area 0 Such a design may be called an it optimum design" ., The 
general expressions presented later ~have all been derived with the 
purpose of providing a basis for attaining optimum design of rectangular 
sections. 
From the point of view of the safe allow~ble stresses in 
concrete, there exists three significant stages of loading in the life 
10 
of any prestressed concrete membero The first stage is at the time of 
transfer of initial prestressing force when the beam is subjected only 
to its dead load. This stage exists for comparatively a very short 
period due to the fact that most of the losses in the steel stress 
caused by relaxation in steel and creep in concrete occur within a 
short period of time after initial prestressingo Owing to the 
temporary nature of the first stage9 the stresses in concrete~ as well 
as in steel, are generally allowed higher than at later stageso 
The second stage is when all the losses have taken place in 
the steel stress and the beam is still subjected to its dead load onlyo 
Though the loading condition remains the same as that of the first 
stage, allowable stresses in concrete and steel are generally set lower 
than that in the first stage 0 !his is justified because the second 
stage is a permanent one and exists all the time the member is not 
subjected to any live loado 
The third stage is when all the losses in the steel stress 
have occurred and the member is subjected to full live load and all 
other secondary loads, such as impact etco Since this stage is also 
of a perma.nent nature, the safe stresses allowed in this stage are 
generally specified the same as those in the second stageo 
In most practical cases only the first and third stages of 
loading are significant in consideration to the allowable safe stresseso 
That is, most of the beams deSigned to satisfy only the first and third 
stages, automatically satiSfy the conditions for the second stagec 
Though there may be a few cases when the second and third stages will 
control the deSign, the significance of such exceptional cases is 
11 
mostly of a theoretical natureo For this reason, while deriving the 
optimum design criteria in this chapter~ only the first and third 
stages are consideredo 
In view of the above discussion, a prestressed concrete 
flexural member requires four main allowable stresses to be satisfied,--
two allowable stresses for the first stage and two more for the third 
stage. '!'hese four major allowable stress conditions are stated cate-
gorically as follows: --
STAGE 1 
STAGE :3 
(i) Allowable tensile stress in concrete at initial 
prestress 0 
(ii) Allowable compressive stress in concrete at initial 
prestress 0 
(iii) Allowable tensile stress in concrete after all 
losses in prestress have taken placeo 
(iv) Allowable compressive stress in concrete after all 
losses in prestress have taken placeo 
While basic equations are derived for satisfying each of the 
four major stress conditions at different ages of the structure$ the 
derivations have been carried through in a somewhat different fashion 
tban that which has been followed by ethers 0 All equations have been 
<:> 
derived in terms of the ratios e/h and MDlbh~ for different allowable 
stress conditiOns, where e is the eccentricity of the reinforcement~ 
and b and h are the overall width and depth of the sectiono Another 
difference is that all allowable stresses are expressed as functions of 
the compressive strength of concrete f9 0 To denote these allowable 
c 
stresses the value f~ has been multiplied by a set of coefficients; 
c 
these coefficients may be called "stress coefficients"o 
12 
Another difference involves the use of MDlML ratio as a 
primary variableo In previous studies~ the expressions for satisfying 
dead-load and working-load conditions have been considered separately; 
that is, the equations containing the term for total bending moment 
~ has seldom been expressed in terms of the dead-load bending moment 
~~ In such cases it has been necessary to check for stresses under 
both dead load and working load moments simultaneously 0 The present 
study has always considered the MDI~ ratio a major variable in the 
design of prestressed concrete flexural members» and therefore the 
equations for different stress conditions have been expressed in terms 
of the dead-load bending moment and the MDlML ratioo This method9 as 
will be shown laterp has facilitated the construction of simple design 
curves and also prediction of the least possible factors of safety for 
any set of design conditionso 
FinallY3 there is one more factor that should be discussed 
before deriving the expressions: the manner in which the gross 
percentage of steel p ~s introduced into the expres~ono Wherever the 
~ 
term initial prestressing force ~i bas appeared in the derivations, it 
bas been expressed as p f bh, where f denotes the steel stress at g s s 
initial prestressing and bh the area of the section 0 Though the desir-
ability of this substitution may not be immediately obvious~ it will 
be shown subsequently that use of the term Rg makes it easier to derive 
2 
optimum design expreSSion in terms of MDlbh 0 All of these apparent 
advantages and probable drawbacks will be discussed in detail at their 
proper places when equations are derivedo 
13 
7 .. Derivations 
2 The general expressions for e/h vs ~bh will be derived 
separately for each of the four stress conditions to be satisfied, and 
the expressions for optimum design will be established at a later stageo 
(a) Initial ~ension 
Let the maximum allowable tensile stress in concrete at 
initial prestressing be represented by acf"o Then in a beam section 
J. C 
bh, subjected to a total initial prestressing force P. acting at an 
J. 
eccentricity e from the neutral axis (ioeo at mid-height), the follow-
ing equation must be satisfiedo 
or 
P. ~ 6P.e 
_ ...l:. ___ + __ J._ = a tV 
bh bh2 bh2 i c 
or 
6p bhf e ~ p bbf 
g s _ + g s + a tV 
bh 2 - bh 2 bh i c 
or (1) 
It is obvious that any value e/h less than that given by the 
above equation will satisfy the allowable stress condi tiono T".nough this 
fact must be considered while developing the design criteria~ it is 
otherwise unimportant in our study since we will be interested only in 
the optimum designs and the minimum factors of' safety 0 
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For particular values of p :J fi and 0 0 :; Eq., 1 can be repre-gel. 
sented by a straight line such as line 1 in Figo 1; the direction of the 
arrow indicates the Side of the line on which the stress will be below 
the allowable. 
(b) Initial Compression 
An expression for the initial compressive stress in concrete 
can be derived in the same manner as for the im tial tension 0 The 
numerical value of all the terms remain the same j except for the allow-
able stress. The allowable compressive stress bas been designated as 
Thus~ 
Which on simplification becomes 
As in the previous case, any value of e/h less than that 
given by the equation will satisfy the allowable stress condition. 
For a given set of p ,fs,f u and Ai' Eq. 2 is re)?res.ented 'graph-g. c 
ically by line 2 in Figo 1 and the arrow shows the safe side of the 
line .. 
15 
( c) Final. Tension 
The third stage considered in the design of a prestressed 
flexural member is when the member is loaded with all probable live 
loads and secondary loads such as impact etc 0 Since this stage occurs 
several days after the initial prestressiDgp it is customary to assume 
that all the losses in steel stress due to different sources have 
taken place .. If f is the steel stress at initial prestreSSing and ~ 
S 
the loss factor, then the effective steel stress f after all losses 
se 
will be represented by the term Tlf 0 From tests J) it has been observed 
s 
that in general the value of T} ranges from 008 to 009 depending on the 
quality and age of the concrete and on the type of steel and initial 
prestress applied.. The expreSSion derived below are general in that 
no numerical value is assigned to the quantity ~o However, quantitative 
studies are presented latero 
In the expreSSion for final stress conditions, the term for 
total. moment Mrr is expressed in terms of the dead-load bending moment 
~ as ~ =~.. The term R bears a direct relationship to the ratio of 
dead-load bending moment M:o to live-load bending moment M:L as follows: 
1 
Since the ratio ~~ is obviously a more useful way of 
expreSSing the loading conditions, the curves for deSign and factors of 
safety have all been drawn for the~ML ratio rather than for the 
factor R. 
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Thus, the equation which will satisfy the allowable tensile 
stress in concrete at 'Working loads, will be 
or 
which on simplification becomes 
This equation is grapbic~ represented by line 3 in Figo 1 
and the direction of the arrow shows the safe side of the lineo 
( d) Final Compression 
Expression for final compressive stress is derived in a 
similar manner as that for final tensile stress 0 If' the 'Working allow-
able compressive stress in concrete is A tn, then 
w c 
llP i flMi ~ 
- -- + -- - - = - A fV A Z Z w c 
c 
which on simplification becomes 
~ 
e/h = -2~-
bh P f g s 
(4) 
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This equation is graphically represented by line 4 in Figo 1 
and the direction of the arrow shows the safe side of the curveo 
Before proceeding further with the derivations~ the meaning 
of the graphical representations of the four equations must be discuss-
ed. The four lines on Figo 1 can be broadly divided into two classes: 
(a) lines for the initial stress conditions~ 1 and 23 and (b) lines for 
the final stress condi tions, 3 and 40 It is evident from Fig 0 1 tha. t 
all four stress conditions can be satisfied only in the region for which 
lines 1 and 2 for the initial conditions lie above lines 3 and 4 for the 
final conditions. So far, the graphical representation in Figo 1 is 
always correct 0 But it must be remembered that the relative poSitions 
of line 1 with respect to line 2, or the relative positions of line 3 
with respect to line 4, are not absolute3 but depend on other variableso 
That is to say, whether line 1 will lie above line 2 or vice versa can 
only be determined from the set of allowable stresses and the losses in 
the steel stresso Thus, for one given stress condition~ line 1 may 
lie above line 2 and for another set of stress conditions line 1 may 
lie below line 20 The same is true for lines 3 and 40 
8., Optimum DeSign 
Once the four main allowable stress condi tiona have been 
stated, the question arises as to what combination of these allowable 
stresses can be satisfied simuJ. taneously 0 This problem may be compared 
to the geometrical problem of drawing a circle through four given points" 
It is obvious tha t a circle can always be drawn through three of any 
four given points and include the remaining point within it but whether 
it can be drawn through all four points depends on the locations of 
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the points~ The problem of developing an optimum design criterion is 
very much the same b It is always possible for a beam to be designed 
such that three of the four stress conditions are satisfied simultaneous-
ly, while the remaining stress condition is on the safe side, but to 
satisfy all rout stress conditions in a rectangular beam requires a 
certain relationship among themo 
From Fig~ 1 it may be generally observed that all the probable 
combinations of the stress conditions may "be classified broadly into two 
main groups 4> In one, the im tial stress conditions for both tension and 
co~ression and one of the final stress conditions ~ll be satisfied 
simultaneously while the remaining final stress will be on the safe sideo 
Graphically this means that lines 1 and 2 will coincide with each other 
but lines 3 and 4 may remain separate depending on other conditioDSo 
SimilarlYJ in the second group~ both final stress conditions 
and one of the initial stress conditions will be satisfied simultaneously 
while the remaining initial stress will be on the safe sideo Grapbically~ 
this means that in Figo I; line 3 and 4 will coincide with each other 
while lines 1 and 2 may remain separateo 
In the first group~ where both initial stress conditions are 
simultaneously satisfied, the design may be controlled by either the 
allowable tensile stress or the allowable compressive stress at working 
loads 0 At first, therefore, a systematic study of this group of 
optimum design criteria will be made, to be followed later by a study of 
the second groupo 
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9 • Optimum Design Criteria Group 1 
From the equations of lines 1 and 2 in Figc 1, it may be 
shown that Eqs eland 2 become similar if, 
or 
a.f~ A..fV 
~ c ~ c 
-f- + 1 = t)"""f"" - 1 
Pg s Pg s 
or, 
Whether the design will be controlled by the allowable 
tensile stress or the allowable compressive stress at working loads will 
be determined by the relative positions of lines 3 and 4 in Fig. 10 If 
line 3 is above line 4, then line 3, the final tension, will control the 
design. The same will 'b~ true for line 40 Comparing equations (3) and 
(4) we can therefore say that final tension will control the design 1t 
for the same values of M l'oh2, p f and R/ll the value of e/h given by 
"'1)' g s 
Eq. 3 is greater than that given by Eqo 40 That is, if 
or 
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or 
fV 
c 1 ("\ r'>I ) > p-r ~ f\.w - \.kw T} <) g s 
Substi tuting Eq 0 5, we have 
(6) 
It can be similarly shown that final compression will control the 
design if 
"'w - a w< 
--"'-. --~a- 11 
J. i 
and, that all stresses will be satisfied if 
(8) 
It is clear from Eqso 6~ 13 and 8 that if a set of allowable 
stresses for concrete are given3 then under the first group of deSign 
criteria, two possible combinations may arise 0 That is!, either the 
working tensile stress or the working compressive stress will control, 
depending upon the conditions derived in Eqso 6 and 70 
For later reference to the two criteria thus defineds it is 
considered proper to identify the two criteria as follows~ 
CRITERION I : Initial tension and compression simultaneously 
satisfied and final tension controls the designo This will be the case 
when 
"'w - 0: 
___ w> 11 
"'0 - 0:. 1. 1. 
21 
CRITERION II: Initial tension and compression simultaneously satisfied 
and final compression controls the design.. This will be the case when, 
The two criteria are graphically represented by Figs .. 2(a) and 2(b). 
In Fig .. 2a it may be observed that lines land 2 coincide 
with each other while line 3 lies above line 4.. Within the hatched 
area all. the stresses in concrete will be lower than the maximum allow-
able stresses.. It may be pointed out that lines 3 and 4 are drawn for 
a particular value of MJl\ ratio 0 Figure2b is similar to Fig 0 2a 
except that in Figo 2b line 4· lies above line 30 The optimum design 
corresponds to the point of intersection of lines l~ 2 and 3 in Figo 2a 
and to that of 1,2 and 4 in Figo 2bo 
Having defined the first two criteriaJ they will now be 
studied separatelyo 
10. CRITERION I 
(a) Derivation of General Design Equation 
The general expressions for deSign are derived from Eqso 1.,9 2 
Substituting in all three equations the value of flip f as 
c g s 
obtained in Eqo 5, we obtain one equation for both initial stresses as 
follows: 
The equation for final tension is 
l\ 
e /h = ---==2:---
bh l' f g s 
Subtracting Eq. 9. \j'rOm.:Eq •.. 10,' (W~. have. 
or 
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(11) 
which is a general expression in terms of MJ~/ the allowable stress~ 
coefficients, and the loss factor ~ 0 The graphical representation of 
the above expression will be studied later in Chapter IVo 
Substituting Eq.. II in Eq" 9 yields 
(12) 
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which is a general expression for the eccentricity for any section 
designed by criterion Ie It is interesting to note that the expression 
for e/h contains only terms for the load ratio R, the loss factor ~, 
and the allowable stresseso The actual moments at different stages do 
not enteru This perhaps is the most conspicuous characteristic 
of the optimum deSign of prestressed concrete flexural members as 
distinct from the design of ordinary reinforced concrete memberso 
It has now been shown that for a given set of allowable 
stresses, load ratio, and loss factor, there exists only one value of 
the eccentricity ratio e/h if an optimum design of the beam is to be 
made according to criterion Io 
(b) Critical MD/ML Ratio 
Because only one value of e/h exists which will satisfy a 
given set of design conditions, as dis~ussed in the previous sectionp 
a problem arises as to the applicability of the general design expression 
when the maximum allowable eccentricity e/h is limited to a certain 
value. From the practical point of view, when the prestressing elements 
are embedded in the concrete, mainly for reasons of bond and corrosion3 
it 1s seldom possible to reach a value of e/h as high as 0040 It bas 
therefore been assumed in this study that the maximum probable value of 
e/h is 004. Consider~ this maximum value of the eccentricity ratio 
we can, for this particular condition~ rewrite the original equations 9 
and 10 as follows: 
where 
and 
where, 
or 
0.4 = 1I'D + C1 bh2 f Pg s 
1 ["i + 
C1 = b A -i :~J 
lIk- M:o R rs 
".-r -
bh2p f T) 
v 2 
g s 
By subtracting Eq. 9a from Eq 0 lOa we have 
o = ~ [.!! = 1J - C2 - Cl bh2p f 11 g s 
Substituting this value in Eqo 9a, we have, 
or 
or 
24 
(9a) 
(1~ , 
\ .............. J 
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This value of R gives the maximum ~~ ratio up to which the 
general design expression can be usedo That is, in order to obtain an 
optimum design of a beam having a ~ML ratio higher than the above 
value, an eccentricity ratio greater than 004 would be requiredo 
In view of the significance of this limiting ~~ ratio, it 
is considered proper to refer to it throughout this stu~ as the 
critical MJl\ ratioo 
Looking at Figo :; for a si:mpler understanding of the critical 
MDI~ ratiO, one can observe that the slope of line 3 which controls the 
deSign in criterion I~ decreases as the MDlML ratio increasesJ the stress 
conditions remaining unchangedo The line :3 which repre,sents the allow-
able working tensile stress and corresponds to the critical MDI~ ratio 
is the one which intersects lines 1 and 2 at the limiting value of 
eccentricity e/h = 0040 As ~ML increases~ line; inclines more to 
the right and intersects lines 1 and 2 at an eccentricity ratio greater 
than 0040 But, since the eccentricity ratio is limited to 004$ any 
point within the hatched region bounded by lines 1.9 2,9 3 and ab will 
satisfy the stress conditions; obviously~ the point E» where line 3 
reaches tne maximum eccentricity ratio 004,9 will give the most economic 
deSign owing to its correspo~~ b~ghest value of MD/bh2 o 
Thus it becomes evident that at a MDlML ratio higher than the 
critica19 the optimum design is obtained by satisfying onlY the working 
load stresses while the 1m tlal prestressing stresses always remain on 
the safe sideo This, perbaps,.9 is the situation which has induced some 
of claSSical proponents of prestressed concrete to enthusiastically 
dec1.are that He, prestressed concrete beam carries its own '{~Teighttt 0 
Since the main object of this chapter is to derive the 
general expressions and show the significance of the different vari-
ables, a more complete study of the critical MDlML ratio will be made 
in Chapter IV .. 
(e) Design Equation for Mn/ML Above Critical 
Since the design is controlled only by the stress condition 
at working loads for a MDlML ratio above the critical, the design 
expression is obtained directly from Eqo 3. The eccentricity ratio 
being constant and equal to 004 for all such MDI~ ratios, we can 
write Eqo :3 as 
which on, simplification becomes 
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(14) 
2 Equation 14 shows that the design term M /bh p f varies directly with 
"'-lY g s 
the non-dimensional quantity q/ ~(Ar - O:i) for any constant !4Jl\, ratio 
above the critical 0 The graphical representation of this design 
expression 'Will be discussed in Chapter no 
II 0 CRITERION II 
(a) Derivation of General DeSign Equation 
The general expressions for design are derived from Eqso Is 
2 and 4.. Substituting the value of' fn /p f - as obtained in Eq .. 5, we 
c g s 
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write the general equation for satisfying both the initial stress 
conditions as 
e/h = M:o 1 Ci + °i] 
bh2 f 
+b A. - a 
Pg s i i 
~ 
+ c1 (9) = bh2 f Pg s 
where 
c = ~ 1 [~ + 
1 b Ai ~ <iJ (Xi 
Similarly, the general equation for satisfying the compressive stress 
at working loads becomes 
where 
Subtra.cting Eqo 9 from Eqo 15 we havep 
Substituting the values of C1 and C3.l' we have finally 
1 ["" + 110. ] 
"3 TJ(\ - ~i) 
2 = R bhpf --1 g s 1) 
which indicates that for a constant MJML ratio the design term 
M Ibh2p f varies linearly with the dimensionless quantity 
"-"D' g s 
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(16) 
( "" + 1'}0.) / 11( "-. - 0i) 0 The graphical representation of Eq 0 16 will be W l. J. 
presented and its significance discussed later in Chapter IVo 
To derive the exprression for determini~ the values of eccen-
tricity ratio e/h, 'substitute Eqo 16 in Eqo 9 which gives, 
[ "-i +0 iJ A - 0 i i 
which shows that for a given ~et of allowable stresses and loss factor 
the eccentricity ratio increases linearly with increase of the MJML 
ratio 0 
(b) Critical MJ~ Ratio 
It is true for :criterion II, as it was for criterion I, that 
there is for any given set of allowable stresses a unique value of the 
MJ~ ratio at which the required eccentri.city ratio e/h becomes 0040 
Above this critical MDlMt ratiO, the general deSign expressions in 
Eqs. 16 and 17 become impracticable1 and the design is then controlled 
only by the allowable compressive stress at working loadso 
written as 
and 
Thus, at the critical MJ~ ratio the Eqs. 9 and 15 can be 
~ 0.4' =;.,.... -2~-
bb p f g s 
Subtracting Eq. 9a from l5a and putting the value in Eq. 9a, we may 
write 
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(9a) 
(~5a) 
(18) 
which is of the same fomr as Eqo 130 From the value of R . t' we have 
, cr1 
, .. \ 1 
critical MDlML = R - 1 
. crit 
( c ) Design Equation for Mn/Mr, Above Crt tical 
Since for all MJML ratios above the c~itical value the eccen-
tricity ratio will remain constant at 0)4- and thus only the working load 
condition will control the design, we can obtain the general design 
expression directly from Eq. 15 by putting e/h equal to 0.4, as 
~ R 0 .. 4 = ---:2=--- 11 
bh p f g s 
or 
Which, on substituting the value of C3 becomes 
Equation 19 indicates that for any given values of the MDlML ratio and ~3 
the design term M Ibh2p f varies linearly with the non-dimensional &1)', g s 
quantity 0; T}(J...i - '1). Equation 19 is graphically represented and 
discussed lat~r in Chapter IVo 
12.. Gross Steel Percentage "Pg
n for Criteria I and n 
It may be noted that the basic design expressions derived in 
the preceding paragraphs do not contain a term for the initial prestress-
ing force either in terms of the steel stress or in terms of the area of 
steel used. After the cross-section is designed and the required eccen-
tricity determined, the required area of' steel is obtained from Eqo 5» 
which gives the required ratio of the compressive strength of concrete 
to the average compressive strength throughout the section due to the 
initial prestressing forceo This required ratio is derived from the 
condition that both the initial tensile and compressive stresses are 
simultaneously satisfied .. 
-Equati.on 5 can be written also as 
p = g 
r.... - a fll 
l. i c 
2 r 
s 
which gives directly the value of Pg when the initial allowable stresses 
in concrete and steel are known» which is always the case in a design 
problem .. 
31 
Assuming fV to range from 3000 to 7000 pSi, f range from 
c s 
90,000 to 200,000 pSi, A. range from Oe; to 0.6 and o. range from 000 
~ ~ 
to 001, we may determine the probable maximum value of Pg as 
and the probable minimum value as 
The percentage of steel provided is considered significant 
in this study primarily from the point of view of its relation to the 
mode of failure of the beamo For both ordi:oa.ry reinforced concrete and 
prestressed concrete, it bas generally been agreed by most authorities 
that a beam should be designed so that it fails in a ductile mannero 
From tests made at the university of Illinois and elsewhere it bas been 
shown that a highly over-reinforced beam fails by crushing of concrete, 
the failure being of a sudden and violent nature without any warningc 
From a practical standpoint, this type of behavior at failure is 
certainly to be avoided, and the only safeguard against it is to design 
the beam so that it fails initially by yielding of the reinforcemento 
A beam is considered to be under-reinforced when the im tial 
failure is caused by yielding of steel 0 This phenomenon, in the case of 
structural grade steel, means that failure of the beam starts when the 
steel stress reaches the yield point and on further application of load 
the stress in the steel remains the same while the strain increases 
rapidly 0 Final collapse may occur either due to brea~ of the steel 
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or crushing of concrete due to raising of' the neutral axis and increase 
in the co~ressive strain. 
On the other hand, a beam is considered over-reinforced when 
the failure occurs initially by the crushing of concrete while the steel 
stress remains below the yield pOint.. In such a casep the strain at the 
steel level at failure is comparatively low which causes the beam to fail 
suddenly at a very small deflectiono 
In ordinar,y reinforced concrete, it is possible to make a 
sharp distinction between an under-reinforced and over-reinforced beam, 
mainlY because the steel used has an unique stress-stress diagram 
having a well defined yield-point and a flat yield range. In prestressed 
concrete where high strength reinforcing steel is used, such clear 
distinction between under-and over-reinforced beams cannot be made. The 
reason is that all the bigh strength steel. has a stress-strain diagram 
which neither bas a well defined yield point nor bas a flat yield range .. 
A typical stress-strain diagram is drawn in Fig. 40 It may be observed 
that though the stress-strain relation is not 11near at all stresses 
yet the stress always increases with increase of strain till the steel 
fractures .. 
Though such a steel never bas a yield-point, engineers have 
generally attempted to assume an arbitrary yield point, which is fixed 
sometimes as a function of the ultimate strength, sometimes as a function 
of the initial modulus of elasticity or more often as a function of the 
inelastic strain. In recent studies, a good number of the researchers 
assumed the yield point as the stress at 0.2 % offset. In practice, such 
an arbitrary yield point can be standardized only if' all the different 
varieties of steel had the same relative shape of the stress-strain 
33 
diagram 0 Since that is not the case, the distinction between an under-
reinforced and over-reinforced beam in prestressed concrete becomes as 
good, as the assumption of the yield point. Mr. Do F. Billet (ll* in 
his studies bas shown that in a prestressed concrete beam, for a parti-
cular effective prestress fse' limiting concrete strain at crushing €u' 
type of reinforcement, and an assumed depth of the center of compres-
sion, it can be shown theoretical!Y whether the beam is under- or over-
reinforced by a dimensionless parameter 
where 
E = Young's modulus of steel 
s 
p = A /bd 
s 
3000 + ~ f~ 
kJ.~ = 1500 + fS 
c 
= coefficient for average 
stress in the stress block. 
It is obvious that the parameter Q' can only be an exact 
indication of the mode of failure for a particular beam where all the 
variables mentioned before are known 0 Therefore, its accuracy will not 
hold true any more for all beams. Yet it has been found that within 
c~rta1n limits, the numer~cal value of the parameter QI offers a good 
qualitative i~ea about the mode of failureo 
'* Number in parentheses refer to corresponding number in the 
Reference.' ';' . . 
To determine a relationship between the value of Qi and the 
possible type of fa.i.lure, the writer, in collaboration with Mr. J. Ho 
Appleton (2), studied a series of full-scale beams. tested to failure 
at different places.. It was generaJ.ly concluded that if Q 1 is less 
than about 30, the steel stress at failure of the beam may be assumed 
, ' 
to be a.bout 0 .. 9 f~, which in turn indicates that the beam is under-
reinforced.. It should, of' course, be pointed out that the study 
mentioned above covered only beams failing in flexure. 
In the equation ,for Q' the percentage p is defined as the 
ratio As/bd, where d is the effective depth of the section (i .. e. the 
distance of the center of gravity' of the reinforcement from the extreme 
compressive fiber).. However, in this study, p is defined a.s the g 
ratio As/bh, where h is the total depth of the cross-section. Though 
no exact correlation exists between d and h, in practical designs the 
ratio hid will probab1y~ range from 1.11 to 1.5.. In fact, for more 
economic sectiOns, the value of h/ d can be expected to be very close to 
1.11. To avoid the confusion of correlating h and d, it will be assumed 
throughout this study that hid is loll; that is, we can replace p in the 
expression for Qt by 1.11 P • g 
Thus Q f may be expressed as 
E l .. llp 
Q' _ s g 
- kJ.~ f~ 
In criteria I and II, J? is determined by the allowable stresses in . g 
concrete and steel.. Therefore, the value of Q f for any value of p 
, g 
will depend on the given fV and f. This means that for one -ns::I-roticular 
, C S r-
value of Pg there will exist a ra:cge of Q' depending on the probable 
~anges of the allowable concrete stresses and the allowable steel 
stress f' .. 
s 
In Fig. 5 the range of' Q' is plotted against the gross 
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percentage p .. g All probable values of Q 11 are bounded by the lines a.a.', 
bb t and ab. The upper boundary line aa t is plotted for an assumed 
minimum :r~ = 3000 together with worst combinations of Ai' ai' and fs~ 
The lower boundary for Q' consists of curve ab and line bb·.. The 
curve acb represents a lower limit impaired by assuming a maximum 
value of f = 200,000 psi. Line bb l is plotted for an assumed maximum 
s 
value of f~ = 7000 psi.. On the basis of the maximum values of fs and 
f", line a ebb , represents the boundary for lowest values of Q'. Higher 
c 
values of Q' are obtained for lower values of f't.. If 3000 psi is the 
c 
minimum. value of f V , the line aa i represents the boundary line for maxi-
e 
mum values of Q'~ Line eel is drawn for an intermediate value of 
Figure 5 shows that lower values of Q t will be obtained 
the higher the initial prestress is, leading to a more ductile beam 
from the point of view of its ultimate behavior.. From a study of the 
figure it also becomes evident that the higher the strength of concrete 
used the better is a prestressed beam.. Therefore, though concrete of' 
10wer strength might be more economical in some cases, the use of such 
concrete becomes undesirable for a good design.. It may also be pointed 
out that for a well balanced optimum deSign the gross percentage can 
seldom be as high as 0 .. 6 per cent .. 
13. Optimum Design Criteria Group 2 
In the previous sections, the opt~ deSign criteria I and II 
under group 1 have been studiedo In the following sections of this 
chapter the remaining two criteria III and IV under group 2 will be 
considered in detail 0 As already outlined in Section 8, the optimum 
deSign criteria in the second group are based on the condition that 
both final stress conditions are satisfied simultaneously. The third 
stress condition that may also be satisfied can be either the initial 
tension or the initial compression depending upon the allowable stress-
es given. The line of reasoning used in developing the two criteria 
in this group will therefore be the same as that followed in Section 8 
in connection with group 1. 
To satisfy both final conditions simultaneously, it is 
necessary that the values of e/h given by Eqso :; and 4 be identical. 
This will be so if 
or 
fV 
Pg~S = \, :1Jq. (20) 
Satisfying both final stress condi tiona ~ the deSign will be controlled 
either by the initial tension or the initial compression depending on 
the relative positions of lines 1 and 2 in Fig. 10 If' line 1 lies 
below line 2 then the initial tension will control the -deSign, and vice 
versa. 
Comparing Eqs. 1 and 2, it can be observed that line 1 will 
lie below line 2 if, 
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Cl.f'1I A...f'!I 1 [.2:...£ + lJ < 1 [.2:...£ - 1J 
'0 p f' b p f g s g S 
or 
or 
Substituting Eq. 20, we have 
21) > 2 
A - 0 Ai - o. w W J. 
or 
A - a 
w w X _ ex < T) 
i i 
(21) 
It can be similarly proved that the initial compression will control 
the design, if 
(22) 
and that, all stresses will be satisfied simultaneously if 
(8) 
which obviously is the same condition as obtained in Group 1. 
It is apparent from Eqs. 21, 22, and 8 that if a set of 
allowable stresses is given, then under the second group of deSign 
criteria two possible combinations may arise" T.bat is, either the 
initial tensile stress or the initial compressive stress will control 
the design as indica.ted by Eqs .. 21 and 22 .. 
For later reference it is considered proper to identify the 
two criteria as follows: 
CRIi'ERION Ill·: Final tension and compression satisfied 
simultaneously and initial tension controls the design.. This will. be 
the case when 
C~RION IV: Final tension and compression satisfied 
simultaneously and initial compression controls the design.. This' is the 
case when 
The two criteria are represented graphically in Figs. 2(c) and 2(d) for 
particular values of stress coefficients and MDlML ratio. 
14. Criterion III 
3, and 4. 
(a) Derivation of General DeSign Equation 
The general expreSSions for design are derived from Eqs .. 1, 
Substituting the value of f vip f as obtained in Eq. 20, a 
c g s 
single equation for both the final conditions become 
39 
(24) 
where 
The equation for initial tension becomes 
~ fi 
e/h = . 2 + i [-r O:i + 1J 
bh P f Pg s g s 
where 
40 
Subtracting Eq. 25 from Eq. 24, we have 
[R ] 1 [2( AW + 11,\)] - - 1 - 7' fl 0 A - a w w 
or 
(26) 
which is the general design equation for any set of allowable stresses 
under consideration and any ~~ ratio. The general design curve will 
be graphically represented and discussed later in Chapter IV. 
For deriving the general equation for the design eccentricity 
ratio e/h, Eq. 26 is substituted in Eq. 25 whence, 
1 [~w + fla!] 
'3 Aw" aw 1 [211<li ] 
e/h = R + b A .. ex + 1 
- - 1 w-w 11 . 
which is equivalent to 
The equation clearly shows that for a given set of allowable stresses 
the eccentricity ratio in an optimum design is only a function of the 
MJ'\ ratio 
(b) Critical MnI~ Ratio 
The expression for the critical ~ML ratio for criterion III 
is derived from Eq. 24 by substituting the value of M Ibh2p f from ~'"'D' g s 
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Eq. 26 and putting the value of e/h equal to 0 .. 4.. Thus, for the criti-
cal MJ~ ra.tio, 
which on simplification becomes 
and theref'ore 
MJ~ 0t = R i~ - 1 c1"1. cr 
The significance of the critical MJML ratio is the same as discussed 
for criteria I and II. 
(c) Design Equation for MJ~ Above Critical 
(28) 
Since for all values of MJML above the·critical~ the eccen-
tricity ratio remains constant at 0.4 and only the final condition 
controls the design, the general design equation is obtained from 
Eq.. 24 by equating the eccentricity ratio to 0040 Thus, 
which shows that for a given set of allowable stresses the design 
expression MD/bh2pgf S varies linearly with the factor Eo The above 
relationship will be graphically presented in Chapter IVo 
15.. Cri teTion IV 
:3 and 40 
(a) Derivation of General Design Equation 
The general expression for design is derived from Eqso 2, 
Substituting the value of flip f as in Eqo 20, the equation 
c g s 
for both final conditions becomes 
42 
(24a) 
where 
The above equation is the same as that obtained for criterion III. 
Criterion IV differs from criterion III in the initial condition since 
the initial compression controls the design. 
The equation for initial compression becomes 
e/h = :n + ~ [A.i:~ -1J 
bh P f Pg s g s 
~ 1 [ 21JA.i 
- 1J = bh2 f + b A - a Pg s w w 
~ 
+ C6 = bh2 f Pg s 
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where 
Subtracting Eq. 30 from Eq. 24a we have, 
Putting back the values of C4 and C6 we have~ 
(31) 
The above equation will be graphically presented in Chapter IVo 
To obtain the eccentricity ratio e/h in criteriop IV, 
Eq. 31 is substituted in Eqc, 30 which gives the optimum design 
eccentricity ratio 
Equation 32 shows again that for any given set of allowable stresses 
the eccentricity ratio is a function of only the MDI~ ratio. 
(b) Critical Mn/ML Ratio 
The expreSSion for critical MDlML ratio in criterion IV is 
derived from Eqo 2% by substituting the value of MDlbh2pgf~" in Eqo_,31:, 
and equat~ng the eccentricity ratio to 0040 Thus, 
0.4 = :n R C4 bh p f 11 g s 
from which, on simpli~ication we bave~ 
and therefore, 
critical I MDlML = Rcrit - 1 
The significance of the critical MDI~ ratio is the same for all the 
four criteria. 
(.c) Design Equation for MnI~ Above Critical 
(33) 
Owing to the fact that the equations for the final conditions 
'are the same for both criteria III and IV, and since above the 
critical MDlML ratio the deSign is controlled only by the final stress 
condition, the design equation for criterion IV will be the same as for 
criterion nI. 
Thus, the deSign expression for MDlML above critical is 
16. Gross Steel Percentage Pg for Criteria III and IV 
The importance and the significance of the percentage Pg has 
already been discussed in Section 11 in connection with criteria I and TIe 
The require~ steel percentage Pg in bot~the·criteriaIII and 
IV is determined by the fact that the final tension and compression are. 
both satisfied simultaneouslyo The required condition for this is given 
by Eq 0 20 which can be also . written as 
""w - Ow 
p =---g 21] (2oa.) 
Thus, in any design problem where the allowable stresses for steel and 
concrete are given and the strength of concrete is known, the percentage 
of steel required for the optimum design is given by Eqa 20ao 
Assuming the ranges of A , a :; fV and f as in criteria I and 
w w c s 
II, the probable maximum value of p will be 
~ 
and the probable minimum value of p will be 
~ 
It has been shown previously that for each value of p there will be a 
~ 
corresponding range of values for the dimensionless parameter Q' where 
Assuming P to be l.ll p , this is graphically represented in Fig. 6 
~ 
showing that the range of QI increases with higher values of p 0 
~ 
The upper boundary curve for QI is for the lowest f' and the lowest 
c 
boundary curve for QI is for highest value of the initial stress in 
the reinforcement. As before, ~he figure clearly points out that a 
better mode of failure is obtained by either a lower percentage of 
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steel or a higher initial prestress. The important significance of the 
curve has already been discussed in detail in Section 110 
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III.. FACTORS OF SAFETY 
17. Introduction 
Since the earliest time of rational design of structures, 
engineers have used some form of safety factor as an essential require-
ment for the safe design of structures. The reasons for using a factor 
of safety are mainly the uncertainties regarding the true nature of the 
design load and its distribution, possible future increases, and 
frequency of application. Other reasons, not involving loads, include 
the accuracy of the method of analysis, the reliability of the strength 
of materials, and possible deterioration in course of time. 
According to the conventional method of design of structures, 
a normal maximum service load is specified as the design load and the 
design is made on the basis of a linear stress distribution and a set 
of allowable safe internal stressese This conventional method has the 
main disadvantage that any factor of safety that is taken into account 
is solely a function of the stresses in the member and not the strengths. 
In prestressed concrete design, such a conventional method 
of obtaining factors of safety will be utterly misleading since, unlike 
the case for other simpler methods of construction, the design of a 
prestressed concrete structure may involve as many as four allowable 
stresses in the concrete and one in the steele Since at ultimate 
failure we are concerned not so much with the actual stresses as with 
the actual strength, it is considered more logical to define the 
factors of safety in terms of the strength of a member at the ultimate 
condition or at cracking, whichever the case may beo 
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Having established the basis of determining the different 
factors of safety, it should now be pointed out that the purpose of this 
stu~ is not to develop the most reasonable values of factors of safety 
for prestressed concrete members, but to derive the general relationship 
between any optimum design and the minimum factor of safety either 
against cracking or against ultimateo 
From the studies of the four criteria presented in the previ-
ous chapter, it is seen that for all values of the MDlMt ratio, the 
optimum design is a function of the total moment ~ 0 While the design 
expression ceases to be a function of the dead load moment MD beyond the 
critical MDlML ratio, it remains a function of the total moment ~ 
through all values of MDlMto Therefore, to develop a general relation-
Ship among the factor of safety~ the allowable stresses and the MDI~ 
ratio, the total moment ~ will be considered as the significant 
moment .. 
The factor of safety obtained for total moment can readily 
be transformed to load factors for either dead-load moment, live-load 
moment, or some combination of' the two.. For example, it may be shown 
that if NT is the factor of safety for total moment against either 
cracking or ultimate moment then the factor of safety for live load only, 
NL, may be derived from the expression 
N = N (N 1) ~ L T + T - · ML 
To clarify what is meant by the total factor of safety against 
cracking and against ultimate, they will be defined as follows: 
(i) Total Factor of Safety Against Cracking: If' the total 
bending moment required in a section to cause cracking is M and the 
cr 
total working moment for which the beam is designed is ~, . ~hen the 
corresponding total factor of safety against cracking is 
(li) Live Load Factor of Safety Against Cracking: If M is 
cr 
the cra.cking moment, ~ and l\ are the dead= and Ii ve-loa.d moment, 
respectively, and NLC is the live-load factor of safety against crack-
ing, then 
or 
M - ~ cr -1) 
The relation between NLC and ETc can be derived as follows: Equation 36 
can also be written as 
~+~ ~ 
=NTC ~ -~ 
1\T (N. 1) ~ =J.~TC+ TC- ~ 
which is of the same £orm as given in Eq. 34. 
(iii) Total Factor of Safety Against Ultimate: If the 
ultimate moment capaci ty of a section if M , and the factor of safety 
u 
against ultimate is NTU, then 
M 
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N = ~ (37) 
TO ~ 
(iv) Live Load Factor of Safety Aooainst Ultimate: If the 
live-load factor of safety of a section against ultimate is denoted by 
NLU' then 
As in the previous case, it can be shown that NLU can be expressed in 
te~ of NTU as follows: 
Having defined all the four factors of safety that we will 
consider in this study, a generalized study of the factors of safety 
against cracking will be made first 0 
18. Factors of Safety Against Cracking 
In deriving general expreSSions for factor of safety against 
cracking, it must be pointed out that since there are four distinct 
optimum design criteria, there will be one general expreSSion for 
factor of safety for each of the four criteriao That is~ instead of 
having a unique expreSSion for factor of safety for all probable 
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combinations of the allowable stresses, there will be four different 
expressions each for a different optimum design criterion~ 
Since cracking occurs at a comparatively low stress, it is 
considered safe to assume that at cracking the stresses are distributed 
linearly throughout the section. 
Having our basic assumpt~ons defined, the total moment which 
,?ill cause a section to crack at its tensile fiber may be expressed as 
where M', by definition, is the moment added to the design total moment 
to cause cracking. Assuming that a total tensile stress of ofi will 
c c 
cause concrete to crack, that is, if a f U is the modulus of rupture of 
c c 
concrete, then the additional moment can be represented as 
2 
M f = (a _ 0 ) f t bh 
c w c b 
Now, the value of ~ for all the four criteria can be 
generally expressed as 
R 
--1 
11 
where K is a constant for any given set of allowable stresses and any 
criterion. Substituting Eqso 40 and 41 in Eqo 39, we have 
or 
M =, ~ + M' cr -~ 
M M' 
,cr 1 
Mr = + ~ 
(40) 
(41) 
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or 
NTC = 1 + 
(a CD 0: ) f! !! - 1 
ewe i1 6 -RK..;.......p~f-
g s 
(0: - 0: ~ - 1 f' 
= 1 + _c~.......-..;.;.w_ 'Il .! ~ 6 R K Pgl. s 
(42) 
Equation 42 is a general expression for the total factor of safety 
against cracking and is applicable for all four criteria 0 It may also 
be pointed out that this equation is valid only for MDI~ ratios up to 
the critical, since beyond the critical MDlML ratio the term for MT is 
expres'sed differently 0 
19 ~ Minimum Total Factor of Safety Against Cracking 
It may be seen from Eqo 42 that the factor of safety NTC 
decreases as the ratio R decreases. Since R decreases with an increase 
of the MDlML ratio, for any particular criterion and for known allowable 
stresses and loss factor, the total factor of safety NTC against cracking 
will decrease as the ~~ increases 0 This relationship will hold true 
until the critical MDll\ ratio is reached. At the critical Mu/~ ratio 
and beyond, the total moment may be expressed as 
(43) 
where K' is a constant depending on the allowable stresses and the 
criterion choseno Substituting Eqo 43 in Eq. 39, we can write 
M 
cr M' ~ = 1 +--~ ~ 
or 
(0 - 0 ) 
C Vi f' bh2 __ ~l~_ 
6 C 2 T}KI bh'p f g s 
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(44) 
Since Eq. 44 does not contain any term for the MDlML ratio it becomes 
obvious that above the critical MDlML ratio the factor of safety ceases 
to vary with the load ratio and for a given set of allowable stresses 
and a given criterion the factor of safety remains constant for all 
values of the V~ ratio above the critical. It may be inferred, 
therefore, that Eq. 44 is the general equation for the minimum total 
factor of safety against cracking. 
(a) Minimum Total Factor of Safety NTC for Criterion I 
The equation for minimum ETc for criterion I can be 
obtained by substituting in Eqo 44 the expressions for fIll' f and KI 
c g S 
as given by Eqs. 5 and 14 as follows 
,~l °c - Ow 2 
NTC = 1 + b --------0 ........ -- "'i - 0i 
0.5667 + lj3 _"""'--_'W_""T 
('" 0 - 0.) J. 12. 
0; - 0; 
c w 
= 1 + 1.699~ t",o - a.) + a 
2. 2. W 
(45) 
For typical values of a = 0015 and ~ = 0085, Eqo 45 becomes 
c 
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0.15 .. a 
w (45a) 
In Fig 0 7, ~ from Eq. 45a is plotted against ("'i - 0i) for three 
values of awo It may be noted in. Figo 7 that an increase in the term 
( A. - 0.) decreases the factor of safety, while a decrease in a i 1 . W 
increases the factor of safety. The effect of a is approximately 
c 
linear for comparatively low values of a 0 In factj) for value of 
w-
Ow = 0 the factor of safety NTC becomes directly dependent on the only 
one ratio which is 0 1(,1\0 - (1 )0 c ,1 
However, to illustrate the effect of change of a on the value 
c 
of NTC for extreme values of ("'i - 0i)' it may be shown that for a 
3303'10 reduction of the value of 0 1) that is, when 0 is assumed to be 
c c 
0010, the percentage reduction of the factor of safety at ("'i - 0i) = 002 
will be 11039% and at ("'i - 0i) = 0.6 will be 40917% .. 
(b) Minimum Total Factor of Safety NTC for Criterion II 
The expression for minimum NTC for criterion II is obtained 
by substituting in Eqo 44 the expressions for flip f and KB as given 
c g s 
in Eqo 5 and 19; thus, 
1 
NTC = 1 + "6Ti 
(0 - a ) 
c w 
It may be observed that graphical pres~ntation of Eqo 46 becomes 
2 
cumbersome, since all the four stress coefficients appear in it in a 
(46) 
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rather independent form" Therefore, complete graphical presentation of 
Ego 46 will require a series of set of curves for the variables (0 - 0 ), 
c w 
(Ai - 0i) and Awe 
However, for any set of values of (A. ... 0.) and a the lowest 
~ 1 W 
factor of safety will be obtained when "- is a maximum" The ma...timum 
w 
value of a will be limi ted by the cond! tioD 
w 
at which all four criteria become identical. Expressing 
which is the same as Eqo 45. This means that the minimum possible factor 
of safety under criterion II will be the same as in criterion I~ which 
has been already presented graphically in Figo 1. 
(c) Minimum Total Factor of Safety NTC for Criteria III and IV 
Since the expressions for design beyond the critical MtlML 
ratio for both criteria III and IV become the same it is obvious that 
there will be only one equation for the minimum factors of safety for 
both the criteria" 
Thus, substituting in Eqo 44 the expressions for fn/p f and 
c g s 
Kt as obtained from Eqs" 20 and 29~ 
1 (0 - 0 ) N - 1 C w TC - - + 6n 2"-
l} 1 [ w 
004 + b (A - 0 ) 
A - 0 w w 
w w 
a - 0 
c w 
= 1 + 00 69999 ( A - 0 ) + A 
w w w 
In Fig. 8 is plotted NTC vs (~ - Ow) for three values of 
of 0 is assumed as 0.15. 
c 
o 0 
w 
The value 
The effect of change of the value of a
c 
on the change of NTC 
may be shown for a 3303% reduction of the value of 0 , that is, when 
c 
o is assumed to be 00100 For this reduction in 0 , the percentage 
c c 
reduction of the factors of safety at (A - 0 ) = 002 becomes 1002% and 
w w 
at ('\; - Ow) = 0.6 becomes 4.2~. 
Before concluding the studies on the factors of safety against 
cracking, a few important remarks should be made. While studying 
Figs .. 7 and 8, one -must remember that the curves give the factors of 
safety against cracking if the allowable stresses A. and 0., in Figo 7, 
:l J. 
and \v and Ow.$' in Fig .. 8, are actually those obtained in the design. 
Since, in many actual designs, these allowable stresses may not be all 
reached exactly, the factor of safety can in such cases be greater than 
that shown on the figures. 
It should also be pointed out that all the curves are drawn 
for total load factor of safety and, as shown before, they represent the 
factor of safety at the critical MDlML ratio. For this reason, the 
curves do not bear any direct relation to the live-load factors of 
saf'ety 0 In .fact, 'While the total load factor of safety decreases until 
the critical ¥tlML ratio is reached, and thence remains a constant, the 
live-load factor o~ safety increases inde~initely with an increase in 
the MDlML ratio. This fact leaves roam for the designer to adjust the 
design MDlML ratio in order to fit his design to any specification or 
code where two different factors of safety for total load and live 
load are required. 
Finally, it is interesting to note that while in criteria I 
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and II increase of loss increases the factor of sa~etY1 in criteria III 
and IV the factors of safety remain independent of the loss. 
20. Total Factor of Safety Against Ultimate 
In the previous sections relating to factor of safety against 
cracking, it was possible to assume with reasonable accuracy that the 
stress-strain relation of concrete remains linear until cracking occurSo 
Such an assumption, however, is not valid for conditions at ultimate 
failure of the beam. The main reason for this is that concrete does 
not have a linear stress-strain relationship such as that of structural 
steel. Therefore, to predict the ultimate moment-carrying capacity of 
any prestressed concrete section there have been developed a number of 
methods taking into consideration directly or indirectly the stress-
strain relationsbip of concrete at failure of a bearno Among these 
methods, one developed in the University of Illinois has been found 
to be very consistent for flexural failure of prestressed concrete 
be~ (I). 
In Figo 9 is shown the stress distribution at failure of a 
beam as adopted in the method developed at the University of Illinois. 
The ultimate moment M of a prestressed concrete beam can be calculated 
u 
by the general expreSSion 
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(48) 
where f is the steel stress at failure 7 A the steel area, and su s 
d(l - k2ku) the effective lever arm at failure of the beamo 
From the above expression, it is obvious that two quantities, 
f and the lever arm, must be evaluated for any given beam in order to 
su 
compute its flexural strength4 If the stress-strain properties of 
steel, concrete ~trength, the effective tensioning stress, the area of 
steel, and the shape of' the section ,are known.!> the ultimate steel 
stress f can be evaluated from the expression 
su 
ILk-fCB E f' = ~ 5 ____________ u______ _ 
su P E - € + e - € su se u ce 
The:derivation of this equation and the definitions of the terms appear-
ing in it have been described by Billet (l}o 
The effective lever arm may be e~ressed as d(l - k2ku)J 
where 
the derivation of which is explained in detail in Billetis thesiso 
To check the applicability of the method developed in the University of 
Illinois3 with regard to full-scale structures, the writer, in collabora-
tion with lfl..ro J. Eo Appleton (2)9 studied a. number of laboratorJ a.nd 
field test results, reported in journals since 19400 The results of 
33 beams tested at other places and 27 beams tested by Billet involving 
a large number of variables, were compared with moments computed by use 
of the analysis presented by 'Do Fo Billet 0 The most interesting 
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conclusion from that study was that a reasonably good correlation was 
obtained between values of both the lever arm and the steel stress 
\ 
at failure and the dimensionless parameter Qt = Esp/~~f~) the relation 
being approximately linear up to a value of Qll as high as 6o.. It was 
found that for values of Q' about 30, both the ratio f 1ft and the 
su· s 
quantity (1 - k2ku) have an average value of about 0,,90 Thus, for all 
practical purposes where QB is lower than 30 it may be considered always 
to be on the safe side to assume f as 009 fV and the lever arm as O.,9d. su . s 
In other words, it may be said that for beams baving QI equal to or less 
than 30, we can safely write 
USing Eq. 51, we can now derive the general expressions for factors of 
safety against ultimateo 
Once an optimum design is made, the value of ~ can be express-
ed directly from Eq .. 3 or Eqo 4 as the case may be" In either case3 we 
can write 
R~ 
----'!:!""'-- = e/h + C 
llbh2 p f g s 
or 
where c is a constant depending upon the allowable stresses and the 
criterion used. 
Therefore, by using Eqs., 51 and 52, we can write the general 
expression for the total factor of safety for all four criteria as 
N = ~ 
TU M:r 
0.81 f'p bh d 
= ______ ~-s-:g------
~ p bh2 (e/h + c) 
s g 
In Eq. 53 the value of c for all practical cases is less than 005. As 
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the MDIML ratio increases, the value of elh increases, and therefore the 
ratio (e/h + 0.5) / (e/h + c) decreases. Since the other terms in 
Eqo 53 remain constant for any given set of allowable stresses, it may 
be inferred that the total factor of safety NTU decreases with an 
increase of the MDIML ratio. 
It can also be inferred from Eq.. 53 that this decrease in the 
factor of safety with an increase in the MDIML ratio can continue only 
up to the critical MDlML ratio, at which the value of e/h reaches its 
maXimum of 0 .. 4.. At this point, NTU can b~ expressed as 
and if f 1ft = k then 
s s 
fJ 
Nc-- _ 0.,81 ~ 0·9 
-"TO - 11 f ( 0 .. 4 + c) 
s 
N - 0.729 
TO - k~ (0.4 + c) (54) 
Equation 54 shows that at the critical MDlML ratio the total factor of 
safety reaches a minimum and remains constant for all higher values of 
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Since the minimum total factor of safety depends on the final 
condition only, there will be a general expression for each of 
criteria I and II, but a single expression for both criteria III and IV. 
(a) Minimum Total Factor of Safety BTU for Cri terion I 
Substituting the value of c as obtained criterion I, we can 
write Eq. 54 as, 
(55) 
For quantitative graphical presentation of Eqo 55, it may be reasonably 
assumed that k = 0.7 and 11 = 0085, giving kT} = f If! = 00600 Thus we 
se s 
have, 
102252 
BTU = ----------~---o~----
0.56667 + 2.55(Ai
w
- ai' 
or, 
Thus for criterion I, the inverse of the total factor of safety can be 
linearly plotted against the dimensionless quantity O~(Ai - 0i). This 
is plotted in Figo 10, for the probable ranges of 0 3 A. and OJ.. 0 It is 
w J. 
interesting to note that for a = 0, the minimum total factor of safety 
w 
will remain a constant for any other combinations of "1 and 0i. It may 
be pointed out that for the stress coefficients and the loss factor 
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remaining constant, the total factor of safety is inversely proportional 
to the value of ko Further significance of this curve will be discussed 
later in the light of particular cases .. 
(b) Minimum Total Factor of Safety NT{] for Criterion II 
Substituting the value of c, as obtained in criterion II~ in Eqo 54 and 
assuming k = 007 and ~ = 0085$ we can write .. 
Thus, Eq .. 57 shows that the increase of the minimum total factor of 
safety varies directly with the ratio A~{~i - 0i)o This relationship 
is graphically presented in Figo 11 for the probable ranges of "''", 0; ~. i 
and A. 0 
w 
(c) Minimum Total Factor of Safety NTU for Criteria III and IV 
Substituting the value of c as obtained criteria III and IV 
in Eq.. 54 and assuming k = 0070 and 'q = 0085 we may write 
Equation 58 shows that the inverse of the minimum factor of safety for 
criteria III and IV varies linearly with the ratio O~("w - 0w)o This 
is graphically presented in Figo 12 for the probable ranges of Ow and Ayo 
6:; 
The curves for fa.ctors of safety in Figs 0 10 ~ 11 and 12 repre--
sent the minimum possible values for any of the four criteria and for 
~ set of allowable stresses corresponding to the abcissas of the 
curves", However, as pointed out previouslYg these mi ni mum val.ues will 
be attained only if the design is for a MDlMt ratio equal to or higher 
than the critical. This will not be the case for all beams in practiceo 
For beams having a MDIML ratio lower than the critical the total factor 
of safety against ultimate will be higher than the minimun indicated by 
the curves 0 But a.t the same time ~ lowering the MDI~ ratio will lower 
the live loa.d factor of safety against ult~te as will be shown later 
in specific examples9 This points out once again, that for a well-
balanced optimum deSign a designer often has to choose a MDlML ratio 
which will provide the fa.ctors of safety for both live load and total 
load as required by the specification. 
IV " A COMPARATIVE STUDY OF ALL CRITERIA 
21:" Graphical Presentation of General DeSign Curves 
Since Chapter II was devoted solely to the derivations of 
the four criteria and the general optimum design expressions~ it is 
necessary before a comparison is made among the four criteria for the 
general design expressions to be presented graphicallyo It may be 
pointed out that there will be two sets of general design curves for 
each criterion3 one set for MDlML ratios below the critical and the 
other for MDlML ratios above the criticalo 
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CBITERION I: DeSign curves for MDll\ ratios less than 
critical, a~ given by Eqo 11.9 are presented in Figo 130 Curves are 
drawn for liT Ibb2p f va (T}l\.o + 0: )/11 (A.1 - 0.) for eight values of the 611 g s 1 W ~ 
MDI~ ratio ranging from 0025 to 2000 The value of Tl has been assumed 
as 00850 This method of graphical presentation is considered best since 
it yields straight line deSign curves which permit easier interpo1ationo 
Design curves for MDlML ratios above the critical» as given 
2 by Eq" 14, are presented in Figo 140 Curves are drawn for "M Ibh p f va 
"'-":0' g s 
q/ 11 (Ai - 0i) for eight values of ~~ ratios 0 The factor 11 is 
assumed as 00850 
CRITERION II: For MDlML ratio less than critical the general 
deSign curves as given by Eqo 16 are presented in Figo 150 The curves 
2 
are drawn for M Ibh p f vs (:A. + T}o. )/Tl (1\.0 - 0:0 ) for eight values of 611 g s W 1 1 2 
MDlM.L ratioso 
Design curves for MJ~ abovecri tical as given' by Eq 0 19 are 
presented in Fig .. 16. The curves are drawn for MJbh2pgf S VB A./'I1 (Ai - 0i)" 
CRITERION III: The general design curves for MJ1\ ratio less 
than critical as given by Eqo 26 are drawn in Figo 170 v Ibh2p f is 
. ~ g s 
plotted against (Aw + ,pi )/( "w - Ow) for eight values of MJl\ ratio<> The 
loss factor is assumed to be 00850 
The general design curves for MJML ratio above critical as 
2 given by Eq 0 29, are presented in Fig 0 180 'M Ibh p f is plotted 
.'n' g s ' 
against a I(r.. - ° ) 0 
w' w w 
CRITERION IV: The design curves for MJM:L ratio less than 
critical as given by Eqo 31 are presented in Fig .. 190 The curves are 
2 drawn for 'M /bh p:f va (11A1 + ° )/(A - a ) 0 
"''":0' g s w w VI 
The deSign curves for MJ1\ above' critical remain essentially 
the same as in Figo 18 for criterion IIIo ThereforeJ Fig 0 18 gives the 
design curves for both criteria III and IV for MJ~ above the criticalo 
22. Scope of Comparison of Required Steel and Concrete Areas 
In Chapter III, four optimum design criteria have been 
developed without conSideration of the relative amounts of steel and 
concrete required.. But the merit of any design criterion must9 t·o a 
large extent, depend upon its requirement in terms of material quantities 
as compared to other methods of designo It is therefore considered 
necessar.y to make a comparative study of the four optimum design criteria 
in this light .. 
The general optimum deSign expreSSions in all four criteria 
2 have been developed in terms of the dimensionless quantity M Ibh p f 0 
"'"1)' g s 
66 
A direct comparison of this dimensionless quantity for any set of allow-
able st~sses and loading conditions would provide a basis for comparing 
criteria. in terms of concrete "or-stee1. areas required only if' the value 
of p remains the same for all cn tens, 0 Since there are two- different g 
expressions for the value of P fJ one for criteria. I and II and the other g 
for criteria III and IV:J such a direct comparison of the" d.±mensionless 
quantities become mea.ningless 0 Tbeonly means of comparis"on9 therefore 9 
2 is in terms of the quantity MD/bh ~ which gives directly the quantity 
2 bn for any given set of allowable stressesJ MJML ratio9 and the 
criterion choseno 
The quanti ty MJbh2 gives only the concrete a.rea of the beam 
without reference to the steel area required.. The steel area can be 
2 2 
expressed by the term- bh p = A h" The term bh p is chosen instead of g s g 
bhp because it can be directly taken from the" d1mensionles"s quantity g 
u/bh2p f and yet be used in comparing the area of steel required in 
"'-1)' g s 
different criteria. 
For the purpose of COmpariSOD9 the four· optimum design criteria 
are reclassified under two groups of stress conditions as given by the 
ratio <"v - ~)/(Ai - ai ) 0 The first group consists of criteria I and nr 
for the condi tion ("w co Ow) / Ai - 0i) > 'I] p and the second group consists 
of criteria II and III for the stress condition (Aw - 0W)/(Ai - a i ) < ~o 
Since for a given set of allowable stresses only one group of crt terla 
can be used :for optimum deSign, it becomes obvious that comparis-oncan 
be made only between criteria I and IV or between en teria II and: "III 0 
Thus, instead of having only one criterion for least area there will 
be two, one for each of the two groupso 
Referring to Chapter II it is noted that for each criterion 
two general design expressions exist9 one- for ~l\ ratio below the-
cri tical and another for above 0 This makes it necessary- to make the 
general comparison-of' required areas on two levels, one for values of 
~~ ratio below and the other for ~M:r, rati-o abov~- the critica10 
For the sake of clari ty ~ therefore.9 comparisons of areas required will 
be made separately on these two levelso 
23. Comparison of Required Areas at Mn!Mr., Below eri tical 
A direct comparison can be made below the critical ~'\ 
ratio by comparing the general. design equations given in Chapter n 
and also by comparing the curves given earlier in this chaptero First, 
criteria I and IV will be compared~ and then criteria II and III will be 
compared separatelyo 
(a) Comparison of Criteria I and IV 
For Simpl~ication let the dimensionless quantity MD/bh2pgf S 
be denoted as ~i where i is l~ 2~ 3 j or 4 according to the corresponding 
criterion used for designo 
For the same set of allowable stresses and ~ML ratio~ we may 
write 
= 
and by substituting the values of p f for cri teria I and IV, we have g s 
(~bh2)l 
(~bh2)4 = 
68 
Substituting J.l.l and tJ.4 from the respe'ctive criteria, we can finally write 
(MJbh2)1 
(MJbh2)4 = 
'fl = 1 (59) 
Equation 59 shows clearly that as long as the deSign is ma~e for a 
MJI\ ratio below the critical, the concrete area given by criteria I 
and IV will be exactly the same' 0 Therefore in such a case, consi:deration 
of steel area will control. A study of the steel area ma.y be made as 
follows. 
For comparison, the total steel area can be expressed as a 
function of bh2P f which is equal to the product A h, where As is the g s s 
total steel area and h is the total depth of the beamo 
Thus, for cri teria I and IV we may write 
= 
Substituting J.l.l and J.l.4 as given by the design expreSSions for critera I 
and IV, we have 
= 
But for criteria I and IV, (\r - 0w)/(i\1 ... 0:1 ) > 1} $ therefore the ratio 
< 1 
or, for beams having the same depth, 
< 1 (60) 
which shows that for- aJ.l values of ~l\ ratio below the en tical.9 the 
steel area required by criteri-on I will always be less than that 
required by crl ten"on IV 0 Thus, considering the areas of both concrete 
and steel, it has been shown that criterion I is more efficient than 
criterion IVo 
(b) Comparison of' Criteria II and III 
If the dimensionless quantity MD/bh2pgf S is denoted by ~2 in 
criterion II and ~3 in criterion III~ it may be written directly that 
(MD/bh2 )2 
(MJbh2):; 
= 
~2 (pgf s >2 
~3 (Pgf's'3 
By substituting the values of P2' P3P ( Pgf'S>2 and (Pgf s >3 as given in 
the general derivations for criteria II and III we have 
(~bh2)2 
(MJbh2)3 
= 1 (61) 
Thus Eqo 61 shows that for MD/~ ratio less than critical the concrete 
area given by the criteria II and III will always be the sameo 
For comparing the total steel areas required; we may write the 
expreSSion 
= 
Substituting P3 and P2 we have 
= 
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But, since for criteria II and III, (A - a )/(~o - a.) is always less 
"V w l. 1. 
than T}" 
> 1 (62) 
Equation 62 shows that while the area of concrete will be the f¥ame- for 
both criteria, the design total steel area required by criterion III 
will always be less than that required by criterion II. 
2~ .. Comparison of Required Areas at MnlM:L Above 9ri tical 
For comparing the relative quantities of concrete area and-
steel area for VML ratios above the Critical, the general design 
expressions for such VML ratios may be used directly, but in some 
cases it is easier to compare the data obtained from the general deSign 
curves.. However, such a method is best used as a check rather than as 
the basis for comparison., As in the- previous section, the- comparison of 
the four criteria here will also be made in two stages; crt teria I and IV 
will be studied first and a study of cri teria II and III will follow. 
(a) Comparison of Criteria I and IV 
Using the same method as followed in the previous section, it 
may be written 
(Vbh2)l III ~ - °i i 
(Vbh2)4 
= '11 114 "w- O:w 
1 O:w 
0,.5667 + 3" T}(~. - 0:.) ~. - 0:. l. l. 1. l. (6:;) = N - T} a a 1 w w w 005667 + :3 ~ _ 0: 
W 
It can be seen immediately that for Ow = 0, the right hand side of 
Eq.. 6:; becomes less than one, thus showing. that cri terion IV is more 
economical in this case.. Moreover, for all combinations of stresses 
* considered in this thesis the right hand side of Eq" 6:; is always 
less than oneo This shows that for all ~~ ratios above the 
critical, cn terion IV will always be more' economical of concrete area' .. 
To compare the steel areas required by criteria I and IV the 
following expression may be writteno 
= 
= (64) 
From Eq 0 64 it may be seen that for positive values of ex the right band 
w 
side of the equation will be less than one,9 for negative value's of" ex 
~ . w 
it will be greater than one, and for ~ = 0 the ratio will be exactly 
one.. From this it is inferred that for positive values of'- ex 
w 
criterion I will give less area than criterion IV and for negative values 
criterion IV will give lesso 
(b) Comparison of Criteria II and III 
To compare criteria II and III for concrete areas required 
above the critical ~ML rat!o,9 the following expression may be writteno 
'* The range of. values considered. is Oi = 000 to 001; OW = -0005 to 
+0.05; ~1 = 0.3 to 006; Aw = 0 .. 3 to 0060 
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= 
A - a i i 
A - 0; 11 
w 'W 
It may be shown that for all probable combination of allowable stre'sses, 
the right band side of Eqe 65 is always greater than one. Thus for all 
probable values of the allowable stresses criterion II will require less 
concrete area than criterion IIIo 
The steel areas required by the two criteria may be determined 
from the expression 
=. 
= 
a 
O "'/6<"7 1 W 0,0 ( + 3" \, - o;w 
From Eqo 66 it is seen that fo~ all probable values of the allowable 
(66) 
stresses, the right hand side of the equation becomes more than unityo 
Thus, the steel area required by criterion III will always be less than 
that required by criterion Iro 
,25. Summary of Comparisons 
The general comparison of the four optimum design criteria can 
be best summarized in the following tableo 
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RELATIVE AREAS -BEQUIRED£Y VARIOUS CRITERIA 
Below Critical MDIML Above Critical MDlML 
Concrete Steel Concrete Steel 
Area Area Area Area 
"w-'\, 
I = IV I < IV IV < I >0 > 'I} ex ~ - a i w I < IV 
'\- < 0 
IV < I 
A. ... a 
'W w< In = II III < II II < III III < II A - ex 'q i i 
From the table it can be clearly seen that the problem of' 
total area for both concrete and steel is simpler for MDlML ratios below 
the critical since for such load-ratios there is no difference in 
required areas of concrete between criteria I and IV or II and IIlo For 
this case~ least area is controlled only by the requirements of steel 
area.. Thus, for sueh l.ow ~~ ratios the criteria giving the least 
total area_are I and III depending upon the allowable stress conditioDSo 
It should be :pointed out that for MDIl\ ratios below the 
critical the steel area required by criterion I is less than that 
required by criterion IV because, by USing criterion Ip a greater eccen-
tricity may be used.. It should also be noted that for a given set of 
allowable stresses the critical MDlML ratio calculated for criterion-I 
will be different from. that for criterion IV 0 Thus the- previous- study-
can be used as a guide to economy only when the de-Sign Md'~ ratio-is 
less than the critical ratios for both criteria I and If.. The same is 
true for the remaining criteria. II and III 0 
The problem of least total area becomes complex for MDlML 
ratios greater than the- criticalo When the sign of ex is pasi tive ~ 
w 
cri terion IV gives less area. than crt tenon I in both concrete and 
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steel 0 In all other cases, economy of concrete- area does not result in 
economy of steel areao Therefore" in all those cases the total economy 
can be studied only if relative costs of concrete and steel are knowno 
This is considered to be beyond the scope of this studyo 
v 0 STUDY OF ADDITIONAL CONDITIONS 
26.. Design Controlled by Allowable Working stress for Dead Load and 
Effective Prestress 
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In deriving the four optimum design criteria in Chapter II, 
olily the first and. third loading· stages verecons±dered, the first being-
at initial prestress with only the dead load acting-and the third at 
final working load·after all losses have taken place" For each of the 
two loading stages a set of allowable stresses were· considered 0 
The allowable initial stresses are generally set bigher than 
working stresses because they are expected to exist only for a short 
period of time until all the losses have taken place <1 Therefore ~ one 
must consider also the second stage of loading when all the losses have 
taken place but only the dead load is actingo At this stage.? the 
stresses should comply not with the allowable initial stresses but with 
the allowable 'Working stresses 0 If the deSign faUs to satisfy this 
condition, it should be modified such tba. t the second stage will be 
exactly satisfiedo 
Since it bas been shown in Chapter IV that for ~M:r, ratios 
below critical, criteria I and III are the most efficient from the point 
of view of total area of concrete and stee19 only cri tena I and III 
, 
will be studied for the second stage of loading. 
It may be pointed out that in each of the cri teria I and III 
the second stage of loading may be controlled by either- the- allowab-le-· 
working compressive stress or the a.llowable working tensile stress·. It 
is therefore conSidered better to study each of the criteria separately. 
(a) Cr! terion I 
(i) Working Tensile Stress Controls: For dead load and 
effective prestress, ~i' the- design will exactly' satisf,y the 'Working 
tensile stress q"f~ if 
'r}Pi 11Mi ~ I 
--+---=+of A Z Z w c 
or 
}.L ex fl 
/ 
-1) 1 1 [ w' c ] 
eh=::-:2 f +6' 1+;;-r 
bh ~g s Pg s 
This condition will control the design if e/h given by Eqo 61 is less 
than e/h given by Eq .. 9.. That is, if 
or 
Substituting Eqo 11 we may write for criterion I 
1 T)A.i + Ow 1 'l}.Cli ... Ow 
3 ll{Ai - ai' "3 l1i(Ai - 0 1 J 
!!- '1 < 1 
- - 1 
11 1) 
or 
1}Ai + Ow 
R > (1 - 'I) + T) (68) 1}tl - a i w 
Thus, in order for the second stage of loading to govern the design 
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1 
R - 1 
(68a) 
(ii) Working compressive stress controls: For dea.d load and 
effective prestress the design will satisfy the working compressive 
stress ).. f' if 
w c 
or 
M:o 1 1 [ ~:f~ J 
e/h = 2 . f + '0 . f - 1 
bh TU'g s 1lPg s 
~ wiLl control the design if e/h given by Eqo 69 is less than e/h 
given by Eq.o 2, that is, if 
or 
Substituting Eq .. 11, we may write that for stage 2 to control 
the design we must have 
1 [ Y1Ai + '\; ~ 1 [Y1A - A~i)J "3 1}{~ aD '\ -; Y1{~i 
R < 1 
--1 - ... 1 
11 11 
or 
R.> 
1}~i + '\r 
(1 - 1)} + TJ (70) 
'IAoi - \r 
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In cri terion I, whether the second stage will be controlled by allowable 
tensile st~ess or allowable compressive stress depends upon whether the 
minimum limit of"' R given by Eqo 70 is higher than that given by Eqo 68 .. 
ThUB, the second stage of loading conditions will be controlled by 
allowable working tensile stress if~ 
or 
which is the condition for criterion I for stages 1 and 30 Therefore~ 
it may be infe~ed that designs based on criterion I J considering only 
stages 1 and 3, will also satisfy the allowable working stress at 
stage 2 if the MJl\ ratio is not less than that given by Eq .. 6&0 If' 
the design MJ~ ratio is less than' this value, the' design 'Will be 
controlled by the tensile stress at stage 2 .. 
Figure 20 presents graphically the limitingMJ~ ratio as a 
function of the factor ('fl0i - awl / (11"-1 + q,) which appears in Eq.. 68 0 
Looking at Fig.. 20 ~ it be-comes appaI ent' tba;t-- for- a higher-
value of the ratio ( 110i ... aw)/{ 1l"-1 +<\r) the mtnjnnmrusable MJl\ ratio 
for criterion I becomes high 'enough to eliminate' the- possibilities of 
avoiding conditions required by loading stage- '2.. Of cours'e, it should 
be, remembered that at MJML ratio much higher- than the- criti-ca.l j the 
second stage of loading may not be important at all, since' at such 
high MJI\ ratio the deSign initial stresse-s- will be far below the 
maximum allowable initial stresses. Figure 20 should therefore be 
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considered as a guide strictly in cases where the design ~M:L ratio is . 
less than the critical. 
(b) Criterion nI 
(i) Working-Tensile- Stress Controls: For the dead load and 
the effective" prestress , the design will exactly satisfy the working 
tensile stress if, 
lfL a fV 
/ 
-1) 1 1 [ W c] 
eh=2 f' +'0 1+ f 
bhTU?g s T}l? g s 
This will control the design if' e/h given by Eqo 67 is less than that 
given by Eqo 1; that is if, 
q"f I 
[ 1 + TU't ]. g .6 < 
or 
< 
f I ' 
c Substi tuting the value of -r from Eq 0 20 ~ 
Pg s 
< 
or 
< ("71.) 
Substituting Eq. 26 in Eqo 71, we may write 
or 
R > 
1 
--1 
11 
(1 -11) + 11 
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(i1) Working Compressive· Stress Controls: In eri teri-on- . III 
the compressive stress at bottom fiber at initial prestressing is not 
Aif~ but somewhat less. However if, in a designedbeam,- the compressive 
stress at second stage of loading is f
c2' then this can be expressed 
a.s follows: 
p . 1L ie-1) -
f = flP f + 1)- ... -02 g s Z Z 
Now, the value of fc2 will be more than the allowable compressive 
stress at working loads if, 
or if 
IL Aft 
e/h > bh2~ f - ~ [1 - w: ] 
Pg s 1'lPg s 
Substituting the value of e/h given for criterion III in Eqo 27 
we have, 
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Also substituting the value of M /bh2p f as given in Eqo 26 and- on 
"'1)' g s 
simplification, we may finally show that allowable compressive' stress 
at the second stage of loading will control the design if~ 
"w + 'flo. 
R > 'flO _ 0 ~ (1 - 11 ) + 1) 
i w 
which is the same,as Eq. 72. 
Therefore, it may be inferred that for criterion III, the 
second stage of loading will be controlled py both the allowable 
working compressive and tensile stre'sses simultaneously 0 ThusjI in order 
to avoid the' se'cond stage of' loading condition to control the design 
in criter±on III, the minimum value of MJ~ will be as given by 
Eqo 720 
In Figo 21, themin;mum usable MJ'\ ratio is plotted' 
against the factor ("la. + A )/(rra. - a)o The curve in Fig. 21 is ~""W ~ w 
exactly similar to tbatin Figo 20 except that they are plotted 
against different abscissa. 
The' general cormnents on Fig 0 20 also apply to Fig 0 21 and 
therefore, need not be repeated. 
270 Errors Involved in Computing Nominal stresses at Initial Prestressing 
In the derivation of the criteria for optimum de'sign, it', bas 
been assumed that the prestressing force is applied as an enema'l force-
on the entire cross-section of the flexural member at initial prestress-
ins as well as at working loado This assumption is very nearly correct 
", 
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for pretensioned members 0 However, for "post-tensioned members it is 
incorrect since the cross-sectional a.rea of the member is reduced by 
the area of the hole provided for the re-in:f-orcement 0 If the hole is 
filled with grout after prestressing is completed, the area counted is 
incorrect only at the initial prestressing stage j since area occupied 
by the wires itself is negligibleo If the- hole is not subsequently 
grouted, the area used is incorre-ct at a:ll stages 0 
Although it- is probable that the effe-ct of the hole- on the 
computed stresses will be negligible~ an analytical investigation of 
the probable error is nevertheless desirable as a guide to the 
designero Since in me-st post-tensioned members the hole for the rein-
forcement- is grouted after t-ensiomng of' the- steel the errors only at 
the im tial prestressing will be- studied in the follOwing analys-is- 0 
Since the change of section modulus is affected most when 
the deductible- area is farthest from the neutral axis, it has been 
assumed in the- following analysis that the center-of gravity of the 
deductible area- ! in Figo 22 is at the ma.xj:mum allowable eccentricity 
ratio e/h = 0.4 for any cross sectiono This assumption also reduces 
the number of independent variables that affect the computation of the 
true section moduluso 
It has also been assumed that the moment of inertia of the 
deductible a.rea a about its own neutral axis is negligible as compared 
to the moment of inertia of the entire crc-ss section A (Fig 0 22). 
This assumption is justified for most practical caseso 
(a), Error in Computed Stresses at Bottom Fiber 
Referring to Figo 22, if the ratio a/A = k~ then the corrected 
depth of the neutral axis will be 
h = h(005 - Oo9k) 
n 1 - k 
and the corrected ~oment of inertia about the true neutral axis is 
}2] 2 , 005 - 0'19k I = bh3 ,'[L fo 5 _ o. 5 <:> 0 '1 9~L . = k fo 0 9 CO> 1 _ k C 'l2 + l' '1 1 - k .' J l' 
Therefore, the true section modulus for bottom fiber of the beam becomes 
The ratio$ k2c ~f the corrected section modulus to the uncorrected 
. 2 
section modulus, bh /6, is then 
6 r 1 f _ 0<15 .:> 0'19k}2 .... k fo,oo 00 005 - Oo9k}2] trn- + 10 '1 5 1 - k ~ 7' 1 - k 
k2c = ----~--------------------------~------------005 - 0'19k 
1 - --------..... 
1 - k 
N'OW.9 if the ratio (A=a)/A is ,defined as ~ and the ratio of true compre's-
alve stress to the nominal stress is ~c' then it can be shown that 
Pi Mi ~ 
-----+-'-A K_ Z k_ Z 
k = . ~c ~c 
3c Pi Mi ~ 
-_ ... _+-
A Z Z 
where M! is the corrected initial prestressing moment and it may be 
~ 
shown that 
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(74) 
Equation 73 can be simplified as 
Since the values lL, k2 and M~/M. depend directly on the value of k, the ~ c ~ ~ 
value of ~c as given by Eg. 75 will only depend upon k and the ratio 
~~/Mi" In most optimum designs Mi/~ may vary from 2 to 7 <) 5 and for all 
practical purposes k can be assumed to vary from 0 to 0"05,, 
In Fig. 22, ~ is plotted against the ratio k = a/A for two 
,c 
extreme values of MiIMn" It may be interesting to note 'that the 
percentage error vari~s almost linearly with the ratio a/Ao 
While the effect of the ratio a/A is very significant, the 
effect of the ratio Mi/MD is almost insignificant, as can be interpreted 
from the closeness of the two extreme curveso 
Figure 22 generally points out that though most designers do 
not consider the effect of the reduction area at all, there is ~very 
reason to be conscious of it, especially when higher initial stresses are 
allowed 0 
(b) Error in Computing Stress at Top Fiber 
E~ressions for the error in the nominal tensile stress may also 
be derived as for the initial compressive stress,. If k2c is the ratio of 
the corrected section modulus to the nominal section modulus for tbe top 
fiber of the cross-section in Fig. 22, then 
6[t2 + {Oo5 Oo~ = ~o9k}2 _ k {O.9 O.~ = ~o9k}2J 
k2t = ----------------------------~------------~ 005 - 0.9k 
1 - k 
and~ if ~t is the ratio of the corrected tensile stress to the nominal 
stress, then it can be shown that 
1 2.4 (.~'/ MJM ) 
- -k + -k M. M. - . 
1 2t 1 1 1 
Equation 76 is graphically presented in Figo 23 for values of Mi/~ equal 
to 2.0, 205, 400 and 7050 Comparing Figo 23 with Figo 2g, it may be 
noted that while the error in nominal compressive stress is not sensitive 
to the value of Mi/Mn' the' error. in ,nOmj.na.l ten.sile stress is 'extremely 
sensi tive to the ~lue of Mi/~ 0 This .sensi tiY! ty is. very high at lower 
~lues of 'Mi/MD and gradually ceases to be sensitive at higher value as 
illustrated by the curves. 
It should also be noted that at value of Mi/~ = 12/7 the curve 
for error in Figo 23 coincides with the vertical ordinate, thus percent-
age error for that Mi/MD becomes infinity 0 The physical interpretation 
is that at Mi/~ = 12/7 the nominal tensile stress becomes zero and 
therefore if the corrected stress is anything other than zero the 
percentage error becomes infiniteo 
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Figure 23, like Fig. 22, in general points out the importance 
of the deductible area, especially when designs are made on the basis 
of high initial allowable nominal stress. 
280 Effect of Change of Loss Factor n 
, , 
One of the most important variables involved in this study is 
the loss f~ctorTl. After the initial transfer of prestress the steel 
reinforcement starts lOSing stress due to the combined effect of creep 
and shrinkage of concrete and relamtion of steel 0 Consequently, an 
efficient design according to any specification requires an accurate 
prediction of the total loss in prestressp and a n~ber of semi-empirical 
methods for predicting this loss have been proposedo HOwever, since the 
types and characteristics of concrete and steel used are always in the 
process of improvement, it may be expected that research in this direc-
tion will continue until definite ~esults have been obtained. 
The scope of this study is not to develop methods of predicting 
the total loss in prestress but to investigate the effe~,t of the change 
of the loss factor ~ on the different aspects of optimum design. 
(a) Effect of Tl on Selection of DeSign Criteria 
Th~ first step in designing is to, select the suitable optimum 
design criterioDo To make this selection; the value of ~ must be 
predetermined. Thus, if the factor (~ - 0W)/("'i - 0i) beco~s greater 
than ~ only criteria I and IV can be used for MDlML ~~~~o~ bel~ the 
critical, and if the same factor is less than ~ the remaining two 
criteria TI and TIr can be used .. -
(b) Effect of 'I) on Design Expression 
From the nature of the general design expressions for 
criteria I and II~ it is apparent that an increase of ~ increases the 
design expression 11 Ibh2p f 0 Since p f is not influenced by 'II for .,"~ g s g s 
the first two criteria, a reduction of both concrete and steel area is 
thus obtained by increasing 'l'}o This is the most significant reason why 
attempts are being made to produce steel with lower relaxation losses 
and concrete with better creep characteristicso In criteria III and 
IVp however, the quantity p f is dependent on ~3 and some reduction g S 
in concrete area is thus obtained by increasing the value of ~o 
The influence of 'I'} on the deSign expression can be shown 
best by plotting the dimenSionless quantity Mr/bh2f~ against varying 
~ for any set of allowable stress'coefficients and MDI~ ratioo How-
everp the effect of "l on the design expression for Mr/M:L ratio 
below the critical is different from that for a ratio above the criticalo 
This is clearly illustrated in Figso. 24 and 250 In Figo 243 the 
quantity MJbh2f~ is plotted against 'I'} for Mr/ML = 0025 and an arbitrary 
set of allowable stress coefficients of Ai = 005p ai = 0005, Aw = 004 
and Ow = 00050 Since MJ~ = 0025 is below the eri tical for all probable 
combinations, the values of the quantity Mr/bh2f~ are computed from the 
design expressions derived for MDlML below criticalo ~e reason why the 
quantity M' Ibh2fv is used instead of M Ibh2p f is that the two groups 
"-1)' c "1)' g s 
of criteria have two different values for p f 0 Thus by plotting g s 
MDlbh2f~ all four criteria can be presented as a single curveo 
In Fig 0 24, it may be noted that for Mr/M:r, ratiOs' 1,ess than 
critical one curve represents the effect of ~ in both criteria I and !VJ 
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the same being true also for criteria II and IIIo In both cases3 the 
effect of 1) on the design term M.ofbh2 f ~ is linear 0 The two lines inter-
sect at a definite value of ~ which is equal to the factor (~ - a)/ 
, w w 
(~o ~ 0.)0 While the design term increases with an increase of ~ in 
~ ~ 
both cases, the rate of increase is considerably greater for criteria I 
and IV than for criteria II and IIIo 
In contrast to Figo 24, Figo 25 is drawn to show the effect 
of a change of T} when the design )'..J~ is higher than the criticalo To 
present the general relationship, the design M.of~ bas been assumed to 
'be 200 which is much higher than any probable critical valueo The 
stress coefficients are kept the same as before for better comparisono 
In this figure, criteria I and II are represented by two different 
straight lines intersecting at the critical value of ~ = (~ - a )/(A. - a.) 
w w ~ J. 
alld the influence of ~ on criterion I is considerably greater than on 
criterion IIo 
It is also interesting to note that both criteria III and IV 
are represented by one line and are independent of '110 Thus, as long as 
the stress coefficients and the MDlML ratio are fixed, the design term 
:::> ~bh-:f~ remains a constant for any value of T}o However" it should be 
pointed out that the steel.percentage Pg in criteria III and IV is always 
a direct function of the loss factor ~ as given by Eqo 200 
(c) Effect of ~ on Factors of Safety 
From the general expreSSions derived for factors of safety, it 
is apparent the factor of safety below the critical MDIML ratio increases 
with increase of 110 Factors of safety against cracking at all M.of~ 
ratios and factors of safety against ultimate for MDI~ ratios below the 
critical are not exactly lin~arly dependent on the value of 110 However, 
the relationship is very nearly linear.. The total factors of safety 
against ultimate above the critical MDIML are, on the other hand, 
exactly linear with the value of ~ for any definite value of MDIMLo 
(d) Effect of 1! on Second Stage of Lo~ 
It has been discussed previously in this chapter that, accord-
ing to some specified allowable stresses, design for MDIML below a 
certai~ limit is controlled by stage 2 loading conditioDSo The minimum 
MDIMt ratio which can be used for d~Sign without being controlled by 
the allowable stress condi tiona for stage 2 loading is highly sensi ti ve // 
to the value of n when values of a and o. are both positive 0 The 
"a W l. 
limiting MDI~ ratio for design according to stage 1 and 3 increases 
with increase of 1,., the relationsbip being non-linearo The effect of 1} 
on the limiting MDlML ratio may be partially visualized by referring to 
Figse 20 and 21 where curves bave been drawn for different values of ~o 
Thus, in conclusion, it may be remarked once.again that while 
the allowable stress coefficients and MDIML ratio seems to be the most 
important factors in the design, the role of the loss factor ~ is equally 
prominent. From the choice of optimum design criterion·to the determina-
ticn of the ultimate factors of safety, the direct influence of ~ is 
always prese~to It is for this reason that the total loss of steel 
stress with time mnst first be determined before a rational design can 
be made .. 
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VI 0 A STUDY 'OF FACTOR OF SAFEfi CURVES 
In the previous cbapters9 the general expressions for th~ 
factors of safety have been derivedo From the expression for factor of 
safety against ultimate moment it is apparent that there are l.arge 
numbers of variables that influence the ultimate factor of safety 0 This 
makes it difficult to interpret the influence of each variable separate-
lyo To make such an interpretation simpler, sets of curves for ultimate 
factor of safety have been drawn for each of the significant variableso 
In doing so~ each variable has been assigned three values, two of which 
represent the two probable extremes and the third an average of the 
other two .. 
Since the effect of the loss factor ~ has been discussed in 
the previous chapter, it has not been varied but has been kept constant 
at 0085 which is a reasonable valueo 
It can be shown that for a value of ~ of 0085 or l.ess, the 
usual combinations of alloWable stresses are such that design is 
controlled either by criterion I or criterion IVo Since for the same 
~~ ratio the area of steel required is less in criterion I than XVi 
the factor of safety curves have all been drawn for deSign according 
to criterion Io If the deSign is made by criterion IV~ the factor of 
safety evidently will be higher than for criterion I.. Thus ~ these 
curves also give the ,least probable valueso 
Studies of thi~ type have not been made of individual cases 
for criteria II or III because$ in most practical, cases, they will not 
be used and~ because the general nature of the factor of safety curves 
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for the remaining criteria can be expected to be very similar to that of 
criterion I .. 
In the following sections, the results of the study of each of 
the variables are discussed in detailo 
290 Effect of the Factor k = fs/f~ 
The total. factor of safety against .. ul ~ima.te-moment is inverse .... 
ly proportional to the factor k as long as the other variables remain 
constant.. However, the live load factor of safety is not linearly relat-
ed to the factor ko It may be pointed out that the critical MDI~ ratio 
is independent of k. 
Figure 26 shows the minimum factor of safety curves for values 
of k equal to 005, 0.6, and 0070- It is observed that for the higher 
MDI~ ratios the live load factor of safety becomes so high that it will 
seldom control the design 0 
At an MDlML ratio of zero, the live load factor of safety will 
be equal to the total factor of safety, but since beams will seldom be 
designed for an MDll\ ratio le'ss than 0025 all the curves have been 
terminated at that valueo However,9 a safe extrapolation can be made by 
extending the live load factor of safety curves beyond ~~ = 0 .. 25 .. 
It should also be noted that a decrease of the value of k for 
any particular design increases the gross percentage of steel area, 
which tends to lead to an over-reinforced beamo In such a case the 
actual increase in the factor of safety is not exactly proportional 
to the decrease in k but is somewhat less than that predicted from 
the curveso However, such high percentages are generally discouraged 
by the specifications and therefore will not occur in the usual caseso 
30" Effect of the Stress Coefficient 0 w 
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Of the four allowable stress coefficients, the one that affects 
the factors of safety most is ~o The three probable values which have 
been chosen are 0.05 (all.owable tension), 000 and -0005 (minimum compres-
sion instead of tension). While in terms of real stress values the 
difference between 000 and 0005 may not be considerable, the effect of 
the change is rather significanto 
For the same values of ~o and 0., an increase of the allowable 
l. l. 
working tension decreases the critical MDIMt ratio. 
Figure 27 contains factor of safety curves for ~. = 005 and 
l. 
To show the effect of Variation of 0 on safety factors for 
w 
different values of ~i' Fig.. 28 M'S been drawn showing factor of safety 
curves for~. = 0.4 and Q. = 0.0. It may be inferred by comparing 
l. l. 
Figs .. 27 and 28 that for higher values of '''i the influence of Ow is 
less, though the general effect remains the sameo 
31. Effect of the Stress Coefficient ~ 
In recent times, there has been much controversy regarding 
what value of ~. should be conSidered reasonable.. According to various 
l. 
specifications the value of ~. can be as low as 003 or as high as 006. 
l. 
In this study, the coefficient ~i has been given three values, 0.3, 004 
and 005, and the resulting factor of safety curves are plotted in 
Figs .. 29 and 30. 
In Fig. 29, o. = 000 and ° = 0.05 (tensile) and ~. bas been 
l. w l. 
varied 0 It can be observed toot the factor of safety curves for the 
three values of ~i lie close to each other. The curves show that 
higher allowable stresses in initial compression not only reduce the 
required concrete and steel area but also increase the factors of 
safety by a small amounto Thus, it may be said that as long as the 
initial compressive stresses are low enough not to cause excessive 
creep or to promote accidental collapse, higher allowable compressive 
stresses should always be encouraged 0 Figure 29 also shows that an 
increase of allowa~le compressive stress increases the critical MDlML 
ra.tio and thus broadens the range of optimum designo 
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Figure 30 has been drawn in contrast to Figo 29 to illustrate 
the difference in the nature of factor of safety curves for the same 
variations of A.i but with a negative value of '1.;0 Figure 30 shows that 
when the working tensile stress is specified to be a compressive stress, 
a complete change in the factor of safety curves takes placeo 
While in Figo 29, an increase of the coefficient "'. increases 
J. 
the factor of safety, the reverse is true for Figo 300 Furthermore, 
while for posi ti ve value of a, the factor of safety curves for differ-
w 
ent values of "" lie close to each other, the same curves for negative 
J. 
value of a lie farther aparto That is to say, for a negative value of 
w 
a (compressive) the influence of A.. is more prominent. 
w ~ 
Looking at the two figures, it can also be noted that for 
negative value of Ow the critical MDI~ ratios are much higher than 
those corresponding to positive vaiueso Also, while for positive values 
of Ow the critical MDlML ratio increases with increase of "'13 the 
contrary is true when a is negativeo 
w 
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320 Effect of the stress Coefficient ~ 
Of all the stress coefficients, a. for initial tension seems 
1. 
to have the least effect .. While a. bas rather insignificant influence 
1. 
on the factors of safety, it has certainly a conspicuous influence on 
the critical MJl\ ratio 0 Figure 31 shows the factor of safety curves 
for A. = 005, 0 = 0.05 and three values of O. of 0.0, 0005 and 0010. 
1. w 1. 
For the values of MDlML greater than the critical, the factors of 
safety are not appreciably affected by the variation of a .• However, 
1. 
for the values of MDlML below the critical the effect of variation of 
a i on the factors of safety seems to be significanto The critical 
MJMl ratio increases rapidly with decrease of aio 
In contrast to Figo 31, Fig .. 32 is drawn to show the effect 
of changes in a. when a is negative (compression) 0 This is the only 
1. w 
case where the factor of safety curVes for the three values of o. 
1. 
reverse their relative positionS-below and above the critical MJ~ 
ratio 0 It may be observed that at MDI~ = 0025 the factors of safety 
for ai = 000 are the highest and for 01 = 0010 they are the lowesto 
This is reversed at MDll\ = 2;000 Thus for low. MJ~ ratios the relative 
positions of the curves is similar in both Figso 31 and 32, whereas at 
higher MJ~ the reverse is true .. 
In both the cases, the critical MJ~ratio decreases with 
increase of a.o An important difference between the two cases is that, 
1. 
for negative values of aw' the factors of safety at all MDlML ratios 
are considerably higher than those for positive value of a .. 
w 
330 Effect o~ the stress Coefficient ~w 
Since the study made in this chapter has been restricted 
generally to criterion I, the stress coefficient ~ ceases to be a 
, w 
significant variable a.s long as the condition (~ - a )/(A.. - 0.) > 11 W W 1. 1. 
is maintained 0 However, A will be a major variable for criteria III 
w 
and IV and its effect can be studied in the same manner as has been 
followed in this chapter 0 
340 Factors of Safety at Mn/Mr., = 0,,0 
To summarize the combined effect of all the significant 
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stress coefficients~ the factors of ~afety of all the different combi-
nations of allowable stresses have been plotted for ~ML = QoO as a 
function of the dimensionless quantity aj("t..i - ~i)" This plot is 
ShOvffi in Figo 33, which is divided into two partso In the top part~ 
the range of abscissa is from .~0025 to 000, and in the bottom part 
the range is from 000 to +0.250 Points corresponding to the same 
values of ~6 or aD are connected by curves~ which permit easier inter-
1. 1. 
polationo The dotted line is drawn to indicate the minimum probable 
total factor of safety which is reached beyond the critical ~ML ratioe 
It may be noted that for the positive value of a the points are much 
w 
closer to the dotted line than. they are for the negative valueo 
It should be mentioned t~~t at this hypothetical value of 
MDlML = 0.0 the factors of safety for both total and live load become 
equal and represent the highest total factor of safety and the lowest 
live load factor of saf'etye 
350 Total Factor of Safety NTu at MDlML = 0025 
As was done in the ,preceding section, the combined effect 
of the significant stress coefficients on the factors of safety at 
V~ = 0025 can be shown graphicallyo This is done in Figo 34 by 
plotting all the total factors of safety at MDIML = 0025 against the 
parameter 0j(Ai - 0i). Points corresponding to the same values of 
~. or o. are connected by curves for easier interpolation 0 Also} the 
,1. ~ 
dotted line is drawn to indicate the minimum probable total factor of 
safety which is reached at the critical VML ratioo 
The curves in Fig" 34 indicate a larger variation of ,the 
factors of safety for the negative value of a than for the positive 
w 
value 0 It is also interesting to note that for o. = 0010 the factors 
l. 
of safety at MDIML = 0025 fall very close to the minimum factor of 
safety lineo 
360 Live Load Factor of Safety NLu at Mn/ML = 0025 
Since at lower MDIML ratio the design is often controlled by 
the live load factor of safety, it is considered proper to offer a 
graphical summary of the combined effect of the stress coefficients on 
the live load factor of safety at VML = 0025 (Figo 35)0 Figure 35 
is similar to Figo 34 except that the factors of safety in the former 
are considerably greater than in the-lattero It is interesting to 
note that for a = -0005 the points are either close to or above the 
w 
line representing a factor of safety of 3 while for a = 0005 a1l the 
w 
points lie between 2 and 3.. This indicates that where higher live 
load factors of safety are required eith~r higher MDIML ratios must 
be used or the value of a must be reduced 0 In such a case iJ another 
w 
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alternative would be, of course, to use a lower value of k. 
37. Combined Effect of Stress Coefficients on Critical MD/ML 
While the factors of safety are not7 in fact, sensitive to 
the individual stress coefficients, the stress coefficients have 
considerable influence on the critical MDlML ratio.. This is illustrat-
ed in Fig .. 36 by plotting the critical MDI~ ratio for probable combin-
ations of allowable stresses against the factor a I(A. - a.)o The v J. J. 
general manner of presentation is the same as in the previous figures. 
However, a characteristic peculiar to this figure is that the indivi-
dual pOints have been connected by dotted straight lines with the 
corresponding points at zero abscissa 0 This figure facilitates the 
interpolation for any combination of the three stress coefficients 
A., a. and a .. 
J. J. W It is interesting to note that the influence on the 
critical MDI~ ratio is greatest due-to the coefficient O:i while the 
influence of the coefficient a is the least .. 
w 
